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UNIVERSITY OF DIYALA

Properties of Discrete Fourier Transform (DFT)
Ass. Prof. Dr. Yahiea Al Naiemy

The DFT exhibits a number of useful properties and operational relationships that are

similar to the properties of the continuous Fourier transform.
This Lecture investigates properties Discrete Fourier transform (DFT);
» The DFT as a Linear Transformation
 Periodicity, linearity, and symmetry properties
 Circular Symmetries of a Sequence.

« Multiplication of Two DFTs and Circular Convolution:

The DFT as a Linear Transformation

The formulas for the DFT and IDFT given above may be expressed as

N—1
X(K) = Z X () Wen k=012,.....N—1
N=0
1 N—-1
x(n) =EZX(;¢)M{;&“ n=012,...N—1

k=0
Where, by definition,

_pem

Wy =e «

We note that the computation of each point of the DFT can be accomplished by N
complex multiplications and (N-1) complex additions. Hence the N — point DFT
values can be computed in a total of N? complex multiplications and N (N-1) complex

additions.
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Let us define an N — point vector xy of the signal sequence x(n), n=0, 1,...N-1, an

N — point vector Xy of frequency samples, and an N x N matrix Wy

- x(0) X (0)
o x(:l) o xSn
| x(V —1) X(N —1)
-1 1 1 1
1 Wy w3 Wit
wo=| WB o owh .. wime
L1 wi-l wAN-n L. av-hoen
XN = waw
1 *
Xy = E Wy Xy

Where Wy denotes the complex conjugate of the matrix Wy
Example:-

Compute the DFT of the four — point sequence x(n) =[0 1 2 3]
Solution

The first step is to determine the matrix W,. By exploiting the periodicity property of W, and
the symmetry property

W{HN;‘E _ Wn.,.k

N

the matrix W, may be expressed as

— WJ" th Wj' u,;»- .1 1 1 =
W, = wi w w; w " 1 W oW w,
we W W o wp I W W WG
Lwy owpowp owpd Lyowlowh o

| 1 1 1
s A T
1 ~1 |
;3 Jj =1 —=j

Then
6
X =Wixy = :§+2J
~2-=2i
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Properties of the DFT
In this section we present the important properties of the DFT. The notation used below to
denote the N-point DFT pair x(n) and X(K) is

DFT
x(n)«— X(k)
Periodicity, linearity, and symmetry properties:
Periodicity. If x(n) and X(k) are an N-point DFT pair, then

X(n+N)= x(n) for all n
X(k+N)= X(k) for all k
Linearity. If
xi(n) o= X, (k)
N
And

xa(n) «‘%T» X (k)

Then for any real-valued or complex-valued constants a; and a,

ayxy(n) + axxz(n) ‘D—NFI' a X1(k) + a X,2(k)

Circular Symmetries of a Sequence.
As we have seen, the N-point DFT of a finite duration sequence, x(n) of length L < N is
equivalent to the N- point DFT of a periodic sequence x,(n), of period N, which is obtained
by periodically extending x(n), that is

xX,(n) = Z x(n — IN)
[=—oo
Now suppose that we shift the periodic sequence Xy(n)by 4k units to the

right. Thus we obtain another periodic sequence

= a]

() = 5,1 —k) = Y x(n—k—IN)

[=—o0

The infinite-duration sequence
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! =n<=N-—
x,(ﬁ}={xp U_H_N-l
0 otherwise
Is related to the original sequence x(n) by a circular shift. This relationship is illustrated as

shown in the figure below for N=4,

xin) 1 .
2
all
o & & 3 o
(=)
Xpln) 5 4 3 ‘] a 4
2 2 >
L] Lo | Lt | .
e g Yo YR e ZENT AT SRS DR SR Sl R,
™
x,,ul-—Z) a a 4

31 ] [

- =8 =8 -3 =2 =) O | s
<)
x"(m) 4
)
J ]
'?
o 3 = 3 -
(a4)
x(1) "ty
x(2) x(0) =2 x"(0)
x3) 'y
(e)
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In general, the circular shift of the sequence can be represented as the index modulo- N. Thus
we can write
x'(n) = x(n — k, modulo N)
= x((n— k])w
For example, if k =2 and N = 4, we have

x'(n) = x((n—2)),
Which implies that
x'(0) = x((-2)), = x(2)
x'(1) = x((—l])4 = x(3)
x'(2) = x((0)), = x(0)
x'(3) = x((1)), = x(1)

Thus we conclude that a circular shift of an N-point sequence is equivalent to a linear shift of
its periodic extension, and vice versa.

Multiplication of Two DFTs and Circular Convolution

Suppose that we have two finite — duration sequences of length N, x;(n) and x,(n). Their

respective N-point DFTs are

X, (k) = {;‘f - é x, (m)e—I2enk/N k=0,12,...N—1
X, (k) = {g;é x,, (1)e=J2mnk /N k=012...N—1

If we multiply the two DFTs together, the result is a DFT, say X;(k), of a sequence x3(n)

of length N. Let us determine the relationship between x3(n) and the sequence x;(n) and x,(n).

We have
Xa(K) = X1 (K)X2(K) k=0,1,2,.....,N-1
The IDFT of (X;(k)) is
N-1
Xalm) =5 ) Ky (k) e
k=0
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N—1
1 : :
S DR AC A
k=0

The inner sum in the brackets has the form

N—1 N a=1
Zakzgl_aﬁ +1
= 1-4 a4

Where a is defined as

a = el? mlm-n—1)}/N

We observe that a = 1 when m-n-l is a multiple of N. On the other hand, a" =1 for any value

of a# 1 Consequently

N-1
Zak ={N I=m—n+pN=((M—N))N,p an interger
k=0 0 otherwise

Then the desired expression for x3(m) in the form

N-1

x; (M) = Z x; (M) x, ((m—n])N m=01,2,...N—1

n=0
The expression above has the form of a convolution sum. However, it is not the ordinary
linear convolution. Instead, the convolution sum involves the index ((m-n ))y and is called
circular convolution. Thus we conclude that multiplication of the DFTs of two sequences is

equivalent to the circular convolution of the two sequences in the time domain.

Example:-

Perform the circular convolution of the following two sequences:

xl(") == {2' 19 20 1}
?

x2(n) = {1,2,3,4)
T
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Solution:

=1 () =2
x.(l)-z‘ x(0)=2 23(2)-3@ x{0) =1
8'(3) =] (a) 11‘3) =4
x{3) =4 4
(=2 2
Folded sequence ®) Product sequence
x{0) =1 1
32(3)-4‘ x(l)=2 I. 4
x(2)=3 3
Folded sequence rotated by one unit in time © Product sequence
c
xl)=2 2
xz(o)-l‘ x(2)=3 2‘6
x(3)=4 4
Folded sequence rotated by two units in time Product sequence

@)
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X)2)=3 3
x/1)=2 xf3)=4 4 8
2(0)= 1 1
Folded sequence rotated by three units in time Product sequence

(e)

x3(m) = {14, 16, 14, 16)
T

Example:

By means of the DFT and IDFT, determine the sequence x3(n) corresponding to the circular

convolution of the sequences x;(n) and x,(n) given in previous example.

Solution:

First we compute the DFTs of x;(n) and x,(n). The four — point DFT of x,(n) is

jzrnk
Xl (k] = i=ﬂ xl(nj e_ 4 k = 01111213
jk . j3mk
=2+e 2z +2e 7+ 2
Thus
X1(0)=6 X1(1)=0 X1(2)=2

The DFT of xz(n)is

3

jimnk
X, (k) = Z (e & k=0123
n=0
=14+ 2e 2z +3e7/™ 1+ 47 2
Thus
X,(0)=10 X5(1)=-2+2j X5(2)=-2

When we multiply the two DFTSs, we obtain the product
Xa(K) = X1(K) Xa(k)
Or, equivalently
X3(0)=60 X3(1)=0 X3(2)=-4

X.(3)=0

X2(3)=-2-2]

X5(3)=0
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Now, the IDFT of X3(k)is

jzrnk

xE (nj = ‘]‘31=GX3 {:k]f&" N n= {]1111213

1 i
=— (60— 4e/™
5 (60— 4ei™)

Thus
X3(0)=14 X3(1)=16 X3(2)=14 X3(3)=16
Which is the result obtained in previous example.

We conclude this section by formally stating this important property of the DFT.

Circular convolution.

If
x1(n) %r_r’ X1 (k)
and
x2(n) 2?' Xa(k)
then

x1m) ®xnm < X0 X0
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