CHAPTE R THREE (Electric Potential)

POTENTIAL DIFFERENCE AND ELECTRIC POTENTIAL

The potential energy of the charge—field system s decreased by an amount
(dU =-qqE.ds). For a finite displacement of the charge froma point Ato a

point B, the change in potential energy of the system AU =Ug - U, is

B
AU = —fj’{}j E-ds
A

(3.1)
Because the force goE is conservative, this line integral does not depend
on the path taken from A to B.

The potential energy per unit charge U/q, is independent of the value of g,
and has a unique value at every point in an electric field. This quantity U/qq
Is called the electric potential (or simply the potential) V. Thus, the electric

potential at any point in an electric field is

The potential difference AV = Vi -V, between any two points A and B in an

electric field is defined as the change in potential energy of the system
divided by the test charge qq:

AU B
AV=—= —J E-ds

qo A (3.3)
the potential differenceis proportional to the change in potential energy,

and we see from Equation 3.3
AU :quV

-Electric potential is a scalar characteristic of an electric field,
independent of the charges that may be placed in the field.

-The electric potential at an arbitrary pointin an electric field equals
the work required per unit chargeto bring a positive test charge from
infinity to that point.

Thus, if we take point A in Equation 3.3 to be at infinity, the electric
potential at any point P is



V,=-] E.ds (3.4)

In reality, V, represents the potential difference AV betweenthe point P and
a point at infinity. Because electric potential is a measure of potential
energy per unit charge, the Sl unit of both electric potential and potential
differenceis joules per coulomb, which is defined as a volt (V):
That is, 1 J of work must be done to move a 1C charge through a potential
differenceof 1 V.

1v=1 ]E
Equation 3.3 shows that potential difference also has units of electric field
times distance. From this, it follows that the Sl unit of electric field (N/C)
can also be expressed in volts per meter:

N \Y
1—=1—
C m

Because 1V =1 J/C and because the fundamental charge is
approximately1.6 x10™° C the electronvolt is related to the joule as follows:

1eV =1.60x10"°C.v=1.60x10"°J

POTENTIAL DIFFERENCES IN A UNIFORM ELECTRICFIELD
Considera uniform electric field directed along the negative y axis, as
shown in Figure 3.1. Let us calculate the potential difference betweentwo
points A and B separated by a distance d, where d is measured parallel to
the field lines. Equation 3.3 gives

B B B
Veg— Vy=AV= —j E-ds = —J Ecos0° ds = —j E ds
A A A

Because E is constant, we can remove it from the integral sign; this gives

B
AV = —Iﬁj ds = — Fd

A —>(36) (Potential difference in a uniform electric field)

The minus sign indicates that point B is at a lower electric potential than
point A; that is Vg < V.



Electric field lines always pointin the direction of decreasing electric
potential,as shown in Figure 3.1a.

Now supposethat a test charge go moves from A to B. We can calculate
the change in its potential energy from Equations 3.3 and 3.6:

AU = quV =- qu d —>(3.7)

q

B(Q—

Figure 3.1 When the electric field E is directed downward, point B is at a lower electric potential
than point A. Apositive test charge that moves from point A to point B loses electric potential
energy.

Note

1- A positivecharge loses electric potential energy when itmovesin
the direction of the electric field

2-As the charged particle gains kinetic energy, it loses an equal
amountof potential energy.

3- A negative charge gains electric potential energy when it movesin
the direction of the electric field

4- The name equipotential surfaceis givento any surface consisting
of acontinuousdistribution of points having the same electric
potential.



EXAMPLE 3.1:- A 12-V battery is connected betweentwo parallel plates,
as shown in Figure 3.2. The separation between the platesis d = 0.30 cm,

and we assume the electric field between the plates to be uniform. Find the
magnitude of the electric field between the plates.

Solution: The magnitude of the electric field betweenthe plates is, from
Equation 3.6,
_lvB-vA| _ 12V

E = =4.0x103V/m

d 0.3x1072

This configuration, which is shown in Figure 3.2 and called a parallel-plate
capacitor.

Figure 3.2 A 12-V battery connected to two parallel plates.
The electric field between the plates has a magnitude given by
the potential difference AV divided by the plate separation d.

EXAMPLE 3.2:-A protonis released fromrest in a uniform electric field
that has a magnitude of 8.0 X10*V/m and is directed along the positive x
axis (Fig. 3.3). The proton undergoes a displacement of 0.50 m in the
direction of E. (a) Find the change in electric potential between points A
and B.

Solution Because the proton (which, as you remember, carries a positive
charge) moves in the direction of the field, we expectit to move to a
position of lower electric potential. From Equation 3.6, we have

AV =-Ed =-(8.0 x10* V/m)(0.50 m)
=-4x10*V



(b) Find the change in potential energy of the proton for this displacement.
Solution:-
AU = oAV =eAV
=(1.6x10™°C)(-4X10"V)
= -6.4X107"°J

The negative sign means the potential energy of the proton decreasesas it
moves in the direction of the electric field.

Figure 3.3 A proton accelerates from Ato B in + -
the direction of the electric field.

ELECTRIC POTENTIAL AND POTENTIAL ENERGY DUE TO POINT
CHARGES

Consideran isolated positive point charge q. To find the electric potential at
a pointlocated a distance r from the charge

Vg -Va =-] E.ds
where A and B are the two arbitrary points .At any field point, the electric
field due to the point charge is E = k. qr’/r* where r" is a unit vector directed
from the charge toward the field point. The quantity E.ds can be expressed
as

E.ds =k, 3—2 r'.ds
Because the magnitude of r" is 1, the dot product r".ds=ds cos6 where 6

is the angle between r" and ds. thus, ds cos8 =dr. That is, any
displacement ds along the path from point A to point B produces achange



dr in the magnitude of r. Making these substitutions, we find that hence, the
expressionforthe potential difference becomes

L.r _ 1_.-’ = — ff dr = — ,!f Jrﬁ dr — L ‘Tﬂ
B A | o eqd 9 ]
Fa

1 1
V= Va=kg|———

' Fa —(3.10)

The integral of E.ds is independent of the path between points A and B—as
it must be because the electric field of a point charge is conservative.

-The electric potential created by a point charge at any distance r from the
charge is
V=k.gr —(3.11)

For a group of point charges, we can write the total electric potential at P in
the form ( Electric potential due to several point charges)

V=rk, Zi

i T —(3.12)

where the potential is again taken to be zero at infinity and r; is the distance
from the point P to the charge q; .

we can express the potential energy or Electric potential energy due to two
charges as
q192

rig

U=k

the total potential energy of the system of three charges shown in Figure
3.4is

e, 09 o
N2 "3 T2s / —(3.13)

U=k,



L E
Figure 3.4Three point charges are fixed at the positions shown. The potential energy of this
system of charges is given by Equation 3.13.

EXAMPLE 3.3:-A charge ,=2.00 uC is located at the origin, and a charge
g,=-6.00 C s located at (0, 3.00) m, as shown in Figure 3.5a. (a) Find the
total electric potential due to these charges at the point P, whose
coordinates are (4.00, 0) m.

Solution For two charges, the sum in Equation 3.12 gives

Vo= k, (ﬂ + 22
4

To J

= 8.99 X 10

g N-m? ( 200 X 107°C | —6.00 X 107°C
2 4.00 m 5.00 m

= —6.29x10%V

(b) Find the change in potential energy of a 3.00uC charge as it moves
from infinity to point P (Fig. 3.6b).

Solution When the charge is at infinity,U,=0 , and when the charge is at P,
U=q;V,; therefore,

AU= gsVp— 0 = (3.00 X 107°C)(—6.20 X 10°V)

= —189 X 1079]
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Figure 3.5 (a) The electric potential at P due to the two charges is the algebraic sum of the
potentials due to the individual charges. (b) Whatis the potential energy of the three-charge
system?

OBTAINING THE VALUE OF THE ELECTRIC FIELD FROM THE

ELECTRIC POTENTIAL
From Equation 3.3 we can express the potential difference dV between two

points a distance ds apart as

= — «
aV=—E-ds 344
If the electric field has only one component E, , then E. ds = E, dx
Therefore, Equation 3.14 becomes dV=- E, dx or
dal
dx

E, =~
_(3.15)

If the charge distribution creating an electric field has spherical symmetry
such that the volume charge density depends only on the radial distance r,
then the electric field is radial. In this case, E. ds = E, dr ,and thus we can
express dV in the form dV=- E, dr ,Therefore,



__(3.16)

(Note:- equipotential surfaces are perpendicular to field lines)

When a test charge undergoes a displacement ds along an equipotential
surface, then dv=0 because the potential is constant along an equipotential
surface. From Equation 3.14,then, dV=- E. ds ; thus, E must be perpendicular
to the displacement along the equipotential surface .This shows that the
equipotential surfaces must always be perpendicular to the electric field lines.

In general, the electric potential is a function of all three spatial
coordinates. If V(r) is given in terms of the cartesian coordinates, the
electric field components E, , E, , and E, can readily be found from V(x, y,
z) as the partial derivatives

aVv X GAY i dVv
E,= —— Ty = — , = ——
o X dy dz

For example, if V= 3x%y + y* + yz, then

aV d 9 9 d 9 c d 9
—— = —— (3x%y + ¥ + yz) = — (3x%y) = 3y—— (x°) = bxy
dx dx dx dx

EXAMPLE 3.4:- An electric dipole consists of two charges of equal
magnitude and opposite sign separated by a distance 2a, as shown in
Figure 3.6. The dipole is along the x axis and is centered at the origin. (a)
Calculate the electric potential at point P.

Solution:-For point P in Figure 3.7

2k
o S g (L) ke
i

XxX—a x+ a) xS —

(b) Calculate V and Ex at a point far from the dipole.
Solution If point P is far from the dipole, such that x>>a then a® can be
neglected in the term x*- a® and V becomes



2k, qa

V~ =%

(x == a)
X
Using Equation 3.15 and this result, we can calculate the electric field at a
point far from the dipole:
dV 4k, qa

R (x = a)

) Calculate V and E, if point P is located anywhere between the two

charges.
Solution:-
4 ( q q 2k, qx
V=k, = — = ——5 9
Z i — X x+r::.-) x? — a®
dV d [ 2k, qx —x? = g®
¥ dx dx \  x%* — a®, ) ed (%2 — a*)?
¥

s I
|
!J

i {
o I =
—if q

Figure 3.6 An electric dipole located on the x axis

ELECTRIC POTENTIAL DUE TO CONTINUOUS CHARGE
DISTRIBUTIONS

The electric potential dV at some point P due to the charge element dq is
dq

r

av =k,

10



where ris the distance from the charge elementto point P. in general,
a differentdistance from point P and because ke is constant, we can
expressV as

d
V==~k, | —

dg
¥ q

continuous charge distribution can be calculated by dividing
the charged body into segments of charge dg and summing
the electric potential contributions over all segments. P

Figure 3.7 The electric potential at the point P due to a /

ExamvpPLE 3.5:-@) Find an expressionforthe electric potential at a point P
located on the perpendicular central axis of a uniformly charged ring of
radius a and total charge Q.

Solution Let us orient the ring so that its plane is perpendicular

to an x axis and its center is at the origin. We can then take point P to be at
a distance x from the center of the ring, as shown in Figure 3.8. The charge
elementdq is at a distance Vx2 + «2 from point P. Hence, we can expressV

as.
V=k, [ﬁ =k, [—”’ff

[ @ P
J T J x4+ ac

Because each elementdq is at the same distance from point P, we can
remove \x2 + «2 fromthe integral, and V reducesto

';r..-_ kr’ [ (IT(].’ — kr’fi

N : o . 9
Vx? + a® Vx? + a?

(3.17)
The only variable in this expressionfor Vis x. This is not surprising
because our calculation is valid only for points along the x axis, where y
and z are both zero.
(b) Find an expressionfor the magnitude of the electric field at point P.

Solution From symmetry, we see that along the x axis E can have only an
x component. Therefore, we can use Equation 3.15:

11



Jrl-'r 111 5 Lo S s |
Ey= ——= —h,Q—— (x2 + a2)"1/2
! dx T odx

= —kQ(—3) (x* + a®)7%(2x)

_ k.Ox
{x2 + a?}:’i_.-"‘z
dq
Figure 3.8 A uniformly charged ring of radius a lies in a al \\;\"\"'_ e
plane perpendicular to the x axis. All segments dq of the ) / "
ring are the same distance from any point P lying on the il --df N

X axis

EXAMPLE 3.6:- Find (a) the electric potential and (b) the magnitude of the

electric field along the perpendicular central axis of a uniformly charged
disk of radius a and surface charge density o.

Solution (a) Again, we choose the point P to be at a distance x from the
center of the disk and take the plane of the disk to be perpendicular to the x
axis. We can simplify the problem by dividing the disk into a series of
charged rings. The electric potential of eachring is given by Equation 3.17.
Considerone such ring of radius r and width dr, .The surface area of the
ring is dA =21tr dr ;and dq=cdA=c21rdr

the potential at the point P due to this ring is

i k, dg k,o2mrdr
d'l = = = e = =
Nre + x° Nre + x°

To find the total electric potential at P, we sum over all rings making up the
disk. That is, we integrate dV fromr=0tor =a

12



T Z2rdr .
- ] c _q i
V=mk,o| —— =mwk,a| (r*+ x*)" V2 2rdr
0 Nr? 4 7 Jo

This integral is of the form u" du and has the value u""*/(n+1), where n=-1/2
and u=r’+x* .This gives

V= 27k, ol(x® + a?)V/? — ]

(b) As in Example 3.5, we can find the electric field at any axial point from

, av X
E.=——= 27ho|l - ——
dx Ve + a2,

53
i f“-‘-‘-\-\-\--\-\-\"-\-\__-\_:\.l re+ x°
III| r H-""'--\...__H_
— -H"-‘
X

_]D'
\ dA = 2mrdr

A
dr

Figure 3.9 A uniformly charged disk of radius a lies in a plane perpendicular to the x axis. The
calculation of the electric potential at any point P on the x axis is simplified by dividing the disk
into many rings each of area 2 dr.

EXAMPLE 3.7:- A rod of length L located along the x axis has a total
charge Q and a uniform linear charge density A= Q/L . Find the electric
potential at a point P located on the y axis a distance a from the origin

(Fig. 3.10).

Solution The length element dx has a charge dqg = A dx. Because this

elementis a distance r =vx? + a? from point P, we can express the
potential at point P due to this element

13



1 A d:
av=rh-L=p ==
r Vx? + a?
To obtain the total potential at P, we integrate this expression over the
limits x = 0 to x=L . Noting that k. and A are constants, we find that

) ! dx Q ¢ dx
1._4'{,&[_ T —fwT[ T2 . 9
Joo x4+ a JO x4+ a

This integral has the following value

dx . 5 9
V= In(x + Yx= + a°)

«,I'lefi‘ 1 ﬂfi
Evaluating V, we find that
k,Q | ( £+ V2 + g2 ¥
In
£

V=
il

Figure 3.10 A uniform line charge of length located along a ‘“\"
the x axis. To calculate the electric potential at P, the line s
charge is divided into segments each of length dx and 5

each carrying a charge *\ l
*

dq =A dx.

EXAMPLE 3.7:- An insulating solid sphere of radius R has a uniform
positive volume charge density and total charge Q. (a) Find the electric

potential at a point outside the sphere, that is, for r >R.Take the potential to

be zeroat r =«

Solution:-In Example 2.5, we found that the magnitude of the electric field

outside a uniformly charged sphere of radius R is

14



)
E, = kL} (for r= R)
2

where the field is directed radially outward when Q is positive. In this case,
to obtain the electric potential at an exterior point, such as B in Figure 3.11,
we use Equation 3.4 and the expressionfor E, given above:

" dr

r
Vp= - [ E,dr=—k,Q [ .

Jo ™

)
Vg = ﬁ:FL (for r > R)
N

Because the potential must be continuous at r = R, we can use this
expressionto obtain the potential at the surface of the sphere. That is, the
potential at a point suchas C shown in Figure 3.12 is

Ve=k Q f = R
c= ke (for r= R)

Figure 25.11A uniformly charged insulating sphere of 4
radius R and total charge Q. The electric potentials at [
points B and C are equivalent to those produced by a
point charge Q located at the center of the sphere

ELECTRICPOTENTIAL DUETOA CHARGED CONDUCTOR

every point on the surface of a charged conductorin equilibrium is at the
same electric potential. Considertwo points A and B on the surface of a
charged conductor, as shown in Figure 3.12. Along a surface path
connecting these points, E is always perpendicular to the displacement ds;
therefore Using this result and Equation 3.3, we conclude that the potential
difference between A and B is necessarily zero:

15



B
Vg — Vy = —L E-ds =0

This result applies to any two points on the surface. Therefore, V is
constant everywhere on the surface of a charged conductorin equilibrium.

Figure 3.12 An arbitrarily shaped conductor

carrying a positive charge. .x;%‘ p
< e
-~ &
~— 2 ,*. —
'\‘. ¥ T+~ -
o -
v + =
* R
v -
" e B_
i — + o —
X o
> x ‘..-\ o
W g X\ N -
‘ E
Note:-

1-The surface of any charged conductor in electrostatic equilibrium is an
equipotential surface. Furthermore, because the electric field is zero inside the
conductor, we conclude from the relationship that the electric potential is constant
everywhere inside the conductor and equal to its value at the surface.

2- the electric field is large near convex points having small radii of

curvature and reaches very high values at sharp points.
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SUMMARY
When a positive test charge g, is moved between points A and B in an
electric field E, the change in the potential energy is

B
AU= —gq j E-ds
A

The electric potential V=U/ q, is a scalar quantity and has units of joules
per coulomb (J/C), where 1 J/IC=1V.
The potential difference AV between points A and B in an electric field E is

defined as
AU B
AV=—= —j E - ds|
qo A

The potential difference betweentwo points A and B in a uniform electric
fieldE is

AV= —Fd

where d is the magnitude of the displacementin the direction parallel to E.
An equipotential surface is one on which all points are at the same electric
potential. Equipotential surfaces are perpendicularto electric field lines.

If we define V=0 at r,= the electric potential due to a point charge at
any distance r from the charge is

We can obtain the electric potential associated with a group of point
charges by summing the potentials due to the individual charges.

The potential energy associated with a pair of point charges separated by
a distancer 1, IS

U= h_ﬁ'] 72

Fi2

This energy represents the work required to bring the charges from an
infinite separation to the separation ry, . We obtain the potential energy of a

distribution of point charges by summing terms like Equation 3.12 over all
pairs of particles.
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TABLE 25.1 Electric Potential Due to Various Charge Distributions

Charge Distribution Electric Potential Location
Uniformly charged V= Q Along perpendicular central
ring of radius a Tt Vx2 + g2 axis of ring, distance x

from ring center
Uniformly charged V= 27k, ol(x* + a®)/? — x] Along perpendicular central
disk of radius a axis of disk, distance x
from disk center
Uniformly charged, - 0
insulating solid V= ka r=R
sphere of radius R kO [ 72 )
and total charge Q V= 9R ( - RZ ) r< R
Isolated conducting Q
sphere of radius R v k"T r=R
and total charge Q ) Q0
V=t r=R

If we know the electric potential as a function of coordinates x, y, z, we can
obtain the components of the electric field by taking the negative derivative
of the electric potential with respectto the coordinates. For example, the x
component of the electric field is

dv

dx
The electric potential due to a continuous charge distribution is

E,=

d
V=", | —L
;

Every point on the surface of a charged conductorin electrostatic
equilibrium is at the same electric potential. The potential is constant
everywhere inside the conductorand equal to its value at the surface.
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