SYS 303 LECTURE #4

REVIEW OF BASIC PROBABILITY AND STATISTICS

Probability and statistics are an integral part of simulation. They are needed to
1. Model astochastic (i.e., non-deterministic) system,

Validate the system model,

Choose input probability distributions,

Generate random samples from these distributions,

Analyze the output data

o gk~ 0D

Design simulation experiments
Probability: is a set function defined on areference set S of events.

P(A) ° probability of occurrence of A
(where Ais asubset of reference set S)
PF)=0; P =1; 0£PV)E£1l
If AB =F (i.e.,A Bdisjoint) then
P(A+ B) = P(A) + P(B)
Otherwise:
P(A+B) = P(A)+P(B)- P(AB)
A random experiment is a procedure whose outcome is uncertain. Aneventisa
possible outcome of such arandom experiment. Thus, space of al possible
outcomes of arandom experiment can be mapped into a reference set such that each
possible event becomes a subset of the reference set.
Given arandom experiment whose possible outcomes are the events A, B, C, etc.

P(A) isdefined asthe probability that A occurswhere0£ P(.) £ 1

Suppose that the random experiment is repeated N times and A occurs n, times, then

P(A) = lim



Equally likely events A, B impliesthat P(A) = P(B).
Mutually exclusive (digoint) events A, Bimplies P(A+B)=P(A) + P(B).

If A, Ay, A, -+, Ay CONstitute a set of N mutually exclusive equally likely events
(possible outcomes of a random experiment) then

1
P(A) = P(A) = - = P(A) = i meN

If A, A A, -+, Ay represent amutually exclusive set of events which describe all
possible outcomes of arandom experiment then

P(A) + P(A) + -+ P(A) = 1

If, furthermore, the A, sare equally likely

Zl-

P(A) = P(A) = = P(Ay) =

Conditional probability:

()

-AB

Definition: Probability that B occurs, given that A does occur.

P(AB)
PBIA) Py O  P(AB) = P(A)P(BIA)

Non-independence:
P(ABC) = P(A)P(BC|A) = P(AB)P(C|AB) = P(A)P(B|A)P(C|AB)



If P(B|A) = P(B) then B does not depend on A occurring. A, B are said to be
independent. Then

P(AB) = P(A)P(B)
Given non-digoint events A, B:
P(AB) =P(A+B) (seeVenn diagram)
1- P(A+ B)
1- [P(A)+P(B)- P(AB)]
1- P(A) - P(B)+ P(AB)
Now assume events are independent (not digjoint*)
= 1- P(A - P(B) +P(A)P(B)
=[1- M(AJA1- K(B)]
= P(A)P(B)
Ingeneral for independent events:

P(AA, xxA) = P(A ¥ A, + xxxA ) = P(A))P(A,) xp(A)

A random variable (RV) represents the association of a number with the outcome of
arandom experiment. Thisis another example of a set function.

If X isthe outcome of arandom experiment, then for each outcome there is one and
only one value for X.

For acoinflip: HeadU X=1and Tal U X=0
Random variables may be discrete or continuous. For instance:

- numberson adie

- direction of a spinning pointer

* Can apair of disjoint events A and B also be independent? Explain.
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Distribution Functions (Cumulative Density Functions or cdfs):
F(X) = P(X=X) where -¥ < x< ¥
F(-¥)=0
F(+¥)= 1
F'(x) =0 (increasing slope)
Example: Spinning of a pointer O<XE2p

F(X)

) 5 > X
0
Discrete Cumulative Density Function:

F(X) =P(X£ x) (thisisa continuous function)

g
= a fu(x- x,)

n=-¥
where f, =P(X=x%,) and
u(x) =0 for x<0
=1for x3 0

Example: Tossing of abalanced coin whereHead U X =1and Tail U X =0

F(X)

1.0
S|
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Frequency functions:
These are also known as Probability Density Functions (pdfs).

For a continuous random variable X;

dF(x)
dx
F(x)= (), f(u)du
f(X)dx=P(x- 2dx < X £ x+ 7 dx)
=F(x+3dx)- F(x- 3dx)
f(x)2 0

f(x) =

(‘if(x)dle

For spinning pointer :

f(x)—a1 for O<x £ 2n
=0 elsewhere
For adiscrete random variable X:
dF(x) _ d €4 u
f(x) = =—a U(X - X))
(x) dx  dx 8? ( n)H

¥
=Q fo(x- x) where §(.) isanimpulse function
n=1

¥
af.=1; f,20
n=1
For coin tossing:
f(X)=38(x) +33(x- ]



Joint Random Variables:

X and Y arejoint random variables defined by:

F(x,y)° joint cumulative distribution
°P(XExandY£y)

F(X,y) must satisfy :
F(-¥,-¥)=0
F(¥,¥)=1
E 30 : E3 0
dX ay
9 °F(x,y)
X0y
(two - dimensional function)
_P(x- 3dx<XEx+3dx ,y- sdy<YE£ y+3dy)
- 9Xqy

f(x,y)° joint PDF°

30
where

¥ ¥
F(¥¥)=Q,0, f(xy)dxdy=1
Marginal distributions:

F(x) ° Margina distribution of X
° P(X £x) = ), dug), f(uy)dy

¥
F) ° PIYEY) = dvgy, (v,y)dx
f,(x) = Marginal density function of X

= F&x) = O, f(xy)dy

fL(y) = FAY) = @), f(x )



Conditional frequency functions:

f,(x |y) °© Conditional PDF of X givenY =y

o fT(xy)
f,(y)
f,(y|x)° Conditional PDF of Y given X = x

o F(xy)
f,(X)
f(x,y) = (V) f3(x|y) = f2.(X) f4(y [ X)

If X, Y are independent:

f3(x]y) = f1(x) andf,(y [x) = f2(y)
so that
f(xy) = f1(x) fx(y)
Generally, for independence :
F(X0, %5, 20%) = (X)) F(%,), %4 (X))

Expected Values:

Continuous Distribution Discrete Distribution
pdf (frequency function) f(x) a f.5(x- x,)
Expected value or mean - ¥ 2
E[S(X)] =500 =g} 0, 9(x) f (x)clx 8 90,)4,
Moments about zero 8; X (x)dx a x™ xf.
Moments about mean 8; (x- w)™f(x)dx e} (x, - w)™ xf,




Var[X] = isthe variance of the distribution:

var[X] = ), (x - w)? f(x)ox

I
X

2'2M>—(+M2

N

- Mz
[X*]- (EX)?

o =the standard deviation of the distribution

I
m X

o JVar(X) =/ X?- u?

Other properties:

E 9:(X) + 92(X)] = E[q(X)] + E[g2(X)]
Expectation of product of independent random variables:
X, Y independent
E(XY) = ), §, %f (x.y)dxdy
= 0, 0, X ()f(y)dxly

= Q, X (x>, Y (y)dy
= E(X) XE(Y) = Wy XUy

Let's consider Example 5.3 in the third edition of Banks, Carson, Nelson and Nichol:

Life of alaser inspection device is arandom variable X given by an exponentia
distribution with a mean of 2 years.

Exponential pdf:

f(x)=ne ™ OEXE ¥



Mean of an exponential distribution:

w=E[X] = 7\5 xe™ ™ dx

Recall from calculus that

@Jdv =uv- (‘ydu

Letting u = xand dv = e *dx

et 0EXEY
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Figure 6.3. PDF for laser ray life,



Exponential Distribution function:

R ()= Qre ™du

The probability that the life of the laser inspection device is between 2 and 3 yearsis

PREXEJ=(-e7)- (1- %)
%

=el-¢
=0.368- 0.223 =0.145
Variance of an exponential distribution:
Var[X] = E[X?] - (E[X])?
E[X?] = )»(5 x2e Mdx
Againusing  cpdv=uv- cydu

Letting u= x? and dv = e ™ dx

so that v = - %e‘“ and du = 2xdx
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Binary distribution:
Xisadiscrete binary variable with values 0, 1.

P(X=1)=p and P(X=0)=1- p=q
fx (X)=0d(x) + pd(x- I
E[X]=u=0xq+1xp=p
E[X?]=0xq+1xp=p

Var[X]=p- p*=pl- p)= pq
Xisknown as aBernoulli trial
Binomial distribution:
X1, Xy ..., Xy @re asequence of independent Bernoulli trials with binary
distribution parameter p.
Consider now the variable
X=X+ X+ o+ Xy
The distribution function of X isjust defined by the values
f,= P(X=n)

But, thisisthe probability of exactly n successes among the N Bernoulli
trials, which is given by

_@IO n~N-n
fn—gnap q

alNo : :
where Sn E are the ways in which n successes can

happen in N trialsand p"q"™ " istheir probability.
Clearly,
E[X]=p+p+---+p=Np
Var[ X] = pq+ pg +---+ pg= Npq

11



Poisson distribution: Thisisalimiting case of the binomial distribution.
N® ¥; p® 0; suchthat Np=A.

alNo
f,=¢c _+p°q"
0 80ﬂp q
—(1- p=§- 20
& No
log f, = NlogataL- Ao
° & No
Using a Taylor expansion:
lgl +a) =a- 3a*+%a’- -
A G
that f al —, | = N — - ..
SO orasmal o 0do N
Since N® ¥
fo »e "
N! n N-n
£, aN-mPY
fn-l N! pn-l N-n+1

(n- DI(N- n+1)
_N-n+1p Np_»A
n q n n
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M ean and variance of the Poisson distribution:

é )\n o 5 }\’n-l o
= "y ~td (n-Di°

n=1

Lettingm=n-1

8
E[X]:xa ﬁe'h =\
m=0

S SO VB S
E[X]=anﬁe =7\a n(n_l)!e

O¥ xm
:xa (m+])ﬁe'k
m=0

—xé mk—me'hmé X—me‘k—w@wxxl
- a. m! a m
m=0 m=0

=)+
So Var[X]=A*+h- A2 =)
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The cumulative Poisson distribution is tabulated in Table A .4 of Banks, Carson,
Nelson and Nicol.

The uniform distribution:
E—i— ifaf xEb

f(X)=1p-a _
10 otherwise
: 0 if x<a
Hm=i5;§ ifafx<b
P ifx3 b
atb
EH X = >
2
Var[X] = (b- 3)
12
FAEON Fxy g
02 b p . 1.0 =
1 1
' " 0.8 -
1 1
| 1 0.6 —
011 "
| | 0.4 b
' :
! 02
A R R N N . I R R .
1 2 3 4 5 6 X 0 | 2 3 4 5 6 X
The normal distribution:
(x)— expe-zge< T' Where - ¥ <X<¥
X-u

Lettingy = or X =oy+u weget anormalized distribution:

fy (y) = fx (x)g—;(/ (to be proven)

14



M ean and variance of Normal distribution

EY)= 7= Qe

=0 becausetheintegrand is odd.
Var[Y] = HY?]-0

¥

1 Ao -1y
=— e d
\2n (? Y

Y 1 J2r 1

N\
From atable of integrals:QZe' a4y :4— e — for a:—2
a

x/21 =1 because theintegrand is even.

1
Var[Y] = Tom
Now for X=coY+
HX]=0X0+u=u
E X*]1= E[o °Y? + 2uoY + u’]
= 2E[Y?] + 2uo xH Y] + u?
=02 X +2u0 X0 +u?
Var[X]=c?+u?- u? =02
In order to evaluate probabilities of events taken from aNormal distribution we are
confronted with the task of calculating probabilities such as:

b
N\ _ _ b MQ
Qx(x)dx—P(a<X£b)—Pg@O <y£>Ro
b-u
\O 1
— dy
Q N
512 \ _1y2dy

=QO\/%
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Thisisdifficult since thereis no closed form solution for the indefinite integral.
However, this last form of the normalized integral is tabulated for positive values.
(SeeTable A.3in Banks, Carson, Nelson and Nicol). Sincethe distribution is
symmetrical about the mean, this tabulation suffices for all values of the upper limit.

IS |

0.1587

- Y

p=20 l

The shape of the Normal pdf is bell shaped and extends to minus and plus infinity.
The figure shows the normalized Normal with mean O and standard deviation 1. Itis
interesting to note that the area beyond the value x = 1 isonly 0.1587. So that the
region within one standard deviation from the mean represents 68.3% of the possible
samples from the distribution. The region outside of 3 standard deviations from the
mean is generally considered to be negligible.

Homewor k assignment: (from Banks, Carson, Nelson and Nicol.)

Do Exercise 6 in Chapter 5. What assumption(s) do you have to make?
Do Exercise 9 in Chapter 5.

Do Exercise 22 in Chapter 5.

Do Exercise 37 in Chapter 5.

H~wbdpP
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