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Parameter Estimation
«aa 0000

- In previous chapters:

- We could design an optimal classifier if we knew
the prior probabilities P(wi) and the class-
conditional probabilities P(x|wi)

- Unfortunately, in pattern recognition applications we
rarely have this kind of complete knowledge about
the probabilistic structure of the problem.



Parameter Estimation

- We have a number of design samples or training data.

- The problem is to find some way to use this
information to design or train the classifier.

— One approach:
- Use the samples to estimate the unknown probabilities and
probability densities,
- And then use the resulting estimates as if they were the true
values.
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- What you are going to estimate in your Homework ?



Parameter Estimation

— |If we know the number parameters in advance and our
general knowledge about the problem permits us to
parameterize the conditional desities then severity of
the problem can be reduced significantly.



Parameter Estimation
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- For example:

We can reasonaby assume that the p(x|wi) is a normal
density with mean py and covariance matrix

We do not know the exact values of these quantities,

However, this knowledge simplifies the problem from one of
estimating an unknown function p(x|wi) to one of
estimating the parameters the mean y, and covariance
matrix ),

Estimating p(x|wi) 2> estimating y, and ).



Parameter Estimation
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— Data availability in a Bayesian framework
e \We could design an optimal classifier if we knew:
— P(w,) (priors)
- P(x | ;) (class-conditional densities)
Unfortunately, we rarely have this complete information!

— Design a classifier from a training sample
e No problem with prior estimation

e Samples are often too small for class-conditional estimation
(large dimension of feature space!)



Parameter Estimation
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— Given a bunch of data from each
class how to estimate the
parameters of class conditional
densities, P(x | ;) ?

- Ex: P(x | o) = N(;, &) is Normal.

Parameters Gj = (yj, %j)



Two major approaches

e Maximume-Likelihood Method
e Bayesian Method

- Use P(w, | x) for our classification rule!

- Results are nearly identical, but the
approaches are different



Maximum-Likelihood vs. Bayesian:
S

e Maximum Likelihood e Bayes

e Parameters are fixed e Parameters are random
but unknown! variables having some

known distribution
e Best parameters are
e Best parameters are

Obta_ine_d_ by obtained by estimating
maximizing the them given the data

probability of
obtaining the samples
observed



Major assumptions

— A priori information P( ;) for each category is
available

-~ Samples are i.i.d. and P(x | ®;,) is Normal
P(X | @) ~N(w;, %)

- Note: Characterized by 2 parameters



Maximume-Likelihood Estimation
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e Has good convergence properties as the sample
size increases

e Simpler than any other alternative techniques



Maximume-Likelihood Estimation

We assume that samples are collected randomly from a given form of distribution,
whose parameters are unknown.Unknown parameters are denoted by the vector 0.

We partition our training data X into ¢ class specific subsets D,...D_ assuming that
the data in D, have been drawn randomly according to the distribution p(x|e)

It , for example, we know each distribution 1s normal, p(X|w,) ~N(p;, X;) but we do
not know the mean and covariance, then our problem 1s to estimate

l'l'j'
0 = v

J
To make the dependence Gfp(]i]mj) on Bj more specific, we can write p(X|w, Bj ).
Furthermore, to make our life easier — and why not — we assume that all §; are
independent, 1.e., knowing one does not tell us anything about the others. This will
allow us to work for each 0; separately, without worrying about interdependence of
the parameters. We may therefore drop the class subscripts j



Maximume-Likelihood Estimation
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e General principle

e Assume we have c classes and

e The samples in class j have been drawn according to the
probability law p(x | a)
P(x | ;) ~ N( py, %)
p(x | o) =P (x| w;, 6;) where:



Maximume-Likelihood Estimation
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e Our problem is to use the information
provided by the training samples to obtain
good estimates for the unknown
parameter vectors associated with each
category.



Likelihood Function

e Use the information provided by the
training samples to estimate 6 = (64, 6,, ...,
0.), each 0. (i=1, 2, ..., c) is associated

with each Category

e Suppose that D contains n samples, x,,
Xoyeeey Xn

k=n
P(D|6)= kH1P(Xk | 6) = F(6)
P(D | 0)is called the likelihood of 0 w.r.t. the set of samples)



N

Goal: find an estimate ()
|

e Find 6 which maximizes P(D | 6)

“It is the value of 0 that best agrees
with the actually observed training
sample”



— = Few of the infinite number of possible Gaussian
% “‘*( \ _distributions of some variance and unknown mean 6
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Maximize log likelihood function:
1(0) = In P(D | 6)

|
o Let0=(0,, 0, ..., 0,) and let V4 be the gradient

operator _ ¢
Ve — a y a ,...,i
004 08, 09,

e New problem statement. Determine 0 that
maximizes the log-likelihood

0 = arg meax 1(0)



Set of necessary conditions for an optimum is:
K=n
(Vol = 2V InP(x, | 6))
k=1

Vol =0



e Example of a specific case: Unknown .

S
- P | ) ~ N(u, %)
(Samples are drawn from a multivariate normal
population)

INP(x, | ) = ——In[(zfc)d\z\]——(xk WS (X, — 1)

1
and Vg InP(x, [ u) =2 (x, —p)

0 = u therefore:
- The ML estimate for u must satisfy:

k=n _
2 X (x-1)=0
k=1



- Multiplying by X and rearranging, we
obtain:

Just the arithmetic average of the samples
of the training samples!

Conclusion:

If P(x, | &) (j=1,2, ..., c) is supposed to be Gaussian in a
d-dimensional feature space; then we can estimate the
vector

0 =(0,, 0,, ..., 6.)t and perform an optimal classification!




e VIL Estimation:

- Gaussian Case: unknown u and o
0= (94, 06,) = (1, 6°)
a

| =InP(x, | 0) = —%InZnOz —21

(Xx — e1)2
2

[ ©

\
(In P(x, | 6))
661

2 (In P(x | 6))
\692 /

(1
—(x, —04)=0
92(k 1)
_ 2
1+(Xk 64)° _

— > 0
20, 202




Summation:
k =n 1

2 (X —04)=0 (1)
—k192
3
k=n 1 X, — 0
_Z__I_Z(k 1) -0 (2)
| k=103 k=1 05

Combining (1) and (2), one obtains:

k=n 2
> (X — 1)
k=1

k=1 N n



Example 1:
Consider an exponential distribution

Ge ™ x>0
f(X;0)=

0 otherwise

A

(single feature, single parameter) p L(®)
With a random sample M
(X, X, X} — e

Estimate 0 ?

o 0



Example 1:

Consider an exponential distribution

With a random sample

(X, X0 X, }

f(X;6’)={

(S|.ngle feature, single parameter) p L(O)
/(X|0)
— X |

Ge ™ x>0

0 otherwise

A

N

6 0

n

L(Q):f(Xsz,---,Xn xi valid for x >0

i=1

[(0)=InL(O) = anlnﬁ—é’zn:xl. = nlné’—é’zn:xi
i=1 i=1 i=1

dl dlnL(&) ﬁ_z
40 — 0 X =

1

(inverse of average)

:%:in:é:




Example 2:

Multivariate Gaussian with unknown mean vector M.
Assume 2. is known.

k samples from the same distribution:
X, X e, , X, (iid)

k 1 XM = (X M)
L(X|M)= ?
11:1[ (27m)""* 2‘1/2
: 1 =M (X
VI=V,, longva log——-—7€
= Q2r)"[2

k
= 2V, (Glog(2m) ~~ log] X |-—-(X, M) £ (X, M)
i=1

(linear algebra)

=D, - M)



k A
=0=3"() X,—kM)
) | ki:I

M==> X,
k<~ ' (sample average or sample mean)



Example 3:
Binary variables with unknown parameters P;»
(n parameters)

1<i<n

How to estimate these p,1<i<n
Think about your homework ?



Example 3:

Binary variables with unknown parameters P l<i<n

(n parameters)

log P(X) =Y %, log p,+ . (1-x,)log(1— p,)
So,
I=log L = ZlogP(X y  ksamples

— Z(ixy log p, +Z(1 x;)log(l-p,)

j=1 i=l

here x . isthe " element of Jj" sample X.



- 4 _
So. a—pllogL
i10gL
Vpilong p,
.
—log L
Kz . _
2 logL =Y~ ((1-x,)(1- p))
6p1 jl pl ’ l
x,——— ) (I1-x,)
pl;‘ ' JZ‘ '

:%;xif

“. is the sample average of the feature.



k
Since X; is binary, 2% will be the same
as counting the occurahites of ‘1’

Consider character recognition problem with
binary matrices.

A B

For each pixel, count the number of 1's and this
is the estimate of 2




