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OUTLINE

.|
e Probability Theory

e Linear Algebra



Probability Theory: Sets
S

e Probability makes extensive use of set operations,

e A set is a collection of objects, which are the
elements of the set,

e If Sis a set and xis an element of S, we write x € S.
e If xis not an element of S, we write x /€ S.

e A set can have no elements, in which case it is
called the empty set, denoted by Q.



Probability Theory: Sets
S

e Sets can be specified as
S={ry,ra,.... 70}

e For example,
- the set of possible outcomes of a die roll is
{11 21 31 41 51 6}5

- The set of possible outcomes of a coin toss is {#,
7}, where H stands for “heads” and 7 stands for
“tails.”



Probability Theory: Sets
S

e Alternatively, we can consider the set of all xthat
have a certain property ~, and denote it by

x| x satisties P}.

e (The symbol “/ is to be read as “such that.”)

e For example,

— the set of even integers can be written as
{k | k22 is integer}.



Probability Theory: Sets Operations
S

e Complement:

- The complement of a set S, with respect to the universe Q,
s the set {x € Q/x /€ S} of all elements of Q) that do not
belong to S, and is denoted by S-.

e Union:
SUTl={x|lreSoarel}.

iTi

e Intersection:
ST ={r|jreSandrecT}



Probability Theory: Sets Operations
S

e Disjoint:
— several sets are said to be disjoint if no two of
them have a common element

e Partition:

— A collection of sets is said to be a partition of a
set Sif the sets in the collection are disjoint and
their union is S.



Probability Theory: Sets Operations
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(a) The shaded region is S MY, (b)

The shaded region 1s 5T, (¢) The shaded region is S MT<. (d) Here, T C 5.
The shaded region is the complement of 5. (e) The sets S, T, and U7 are disjoint.
(f) The sets 5. T, and I form a partition of the set {1



Probability Theory
S

e The set of all possible outcomes of an
experiment is the sample space, denoted Q.

e An event A is a (set of) possible outcomes of

the experiment, and corresponds to a subset
of Q.



Probability Theory
S

e A probability law / measure is a function P(A)
- with the argument A,

— that assigns a value to A based on the expected
proportion of number of times that event A is
actually likely to happen.



Probability Theory
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Probability Theory: Axioms of
Probability

Probability Axioms
1. (Nonnegativity) P(A4) = 0, for every event A.

2. (Additivity) If A and B are two disjoint events, then the probahbility

of their union satisfies
PiAUB)=P(A)+P(B).
More generally, it the sample space has an infinite mumber of elements
and A;, Az, ... 18 a sequence of disjoint events, then the probability of
their union satisfies
PlArvAzu--- ) =P+ PlAz) 4+ ---.

3. (Normalization) The probability of the entire sample space {1 1s

equal to 1, that 15, P{{l) = L.




Probability Theory: Axioms of
Probability

e The probability function P(A) must satisfy the
following:

0<P(4)<],

P(Q)=) P(4)

ANA,=p= P(4,VA,)=P(4)+P(4,),
ANA 29> P(A4,VA)=P(4)+P(4,)-P(4,nNA4,),



Probability Theory: Axioms of
Probability (Example)

Example Consider an experiment involving a single coin toss. There are two
possible outcomes, heads (H) and tails (I'). The sample space is {} = {H,T}, and
the events are

{H,T}, {H}, {T}, O.

[f the coin is fair, i.e., if we believe that heads and tails are “equally likely,” we
should assign equal probabilities to the two possible outcomes and specify that

P({H}) =P({T}) =025,



Probability Theory: Axioms of
Probability (Example)

The additivity axiom implies that
P({H,T})=P({H})+P({T}) =1,

which is consistent with the normalization axiom. Thus, the probability law is given

by
P({HT}) =1, P({H})=05  P({T})=05  P(0)=0,

and satisfies all three axioms.



Probability Theory: Axioms of
Probability (Example)

Consider another experiment involving three coin tosses. The outcome will
now be a 3-long string of heads or tails. The sample space is

(\={HHH, HHT HTH, HTT,THH,THT, TTH, TTT}.

We assume that each possible outcome has the same probability of 1/8.



Probability Theory: Axioms of
Probability (Example)

Consider, as an example, the event
A = {exactly 2 heads occur} = {HHT, HTH, THH}.
Using additivity, the probability of A is the sum of the probabilities of its elements:

P({HHT, HTH,THH}) =P({HHT}) + P({HTH}) + P({THH})

_1+1+1
8’8

8
_3
3



Probability Theory
S

Some Properties of Probability Laws

Consider a probability law. and let A, B, and C' be events.

a) It A C B, then P(A) < P(B).

b) PLAUB)=PA)+P(B)-P(ANB).

c) P(AUB) < P(A)+ P(D).
) P

IZ
IZ
IZ
(d (AUBUC)=PA)+ P(Acn B)+ P(A~n BcnC).




Probability Theory: Random Variables
S

e In many probabilistic models, the outcomes are of a numerical
nature, e.g., if they correspond to instrument readings or stock
prices. In other experiments,

e the outcomes are not numerical, but they may be associated
with some numerical values of interest. For example, if the
experiment is the selection of students from a given population,
we may wish to consider their grade point average.

e When dealing with such numerical values, it is often useful to
assign probabilities to them.

e This is done through the notion of a random variable.



Probability Theory: Random Variables

S
e Briefly:

- A random variable X is a function that maps every
possible event in the space Q of a random
experiment to a real number.

Random Variable X

— -

Real Number Line

Sample Space
£




Probability Theory: Random Variables
S

e Random variables can discrete, e.g., the
number of heads in three consecutive coin
tosses, or continuous, the weight of a class
member.



Probability Theory: Random Variables
S

e Random variables can

- discrete, e.g., the number of heads in three
consecutive coin tosses, or

- continuous, the weight of a class member.



Probability Theory:
Probability/Cumulative Mass Function

e A probability mass (distribution) function
Is a function that tells us the probability of x,
an observation of X, assuming a specific
value.

- P(X=x)

e The cumulative mass (distribution)
function indicates the probability of X
assuming a value less then or equal to x.

- F(x) = P(X<=x)



Probability Theory:
Probability/Cumulative Density
Function

e For continuos variables:

- Probability Mass Function - Probability Density
function,

— Cumulative Mass Function - Cumulative Density
Function



Probability Theory:
Probability/Cumulative Density
Function
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Expectation
-

e The PMF of a random variable X provides us
with several numbers, the probabilities of all
the possible values of X It would be
desirable to summarize this information in a
single representative number.

e This is accomplished by the expectation of
X, which is a weighted (in proportion to
probabilities) average of the possible values
of X



Expectation
-

e Example:

— suppose you spin a wheel of
fortune many times,

— at each spin, one of the numbers
m1,m2, ..., mncomes up with
corresponding probability p1, p2,

., pn, and

— this is your reward from that spin.




Expectation
-

e Example:

- What is the amount of money
that you “expect” to get “per
spin”?




Expectation
-

e Example:

- Suppose that you spin the wheel
k times, and that A7is the
number of times that the
outcome is mi. Then, the total
amount received is mMl k1 +m2 k2
+- - + mnkn. The amount
received per spin is

Mk + maks 4+ - F ik,

M = 2




Expectation

e Example:

— If the number of spins kis very
large, and if we are willing to
interpret probabilities as relative
frequencies, it is reasonable to
anticipate that m/comes up a
fraction of times that is roughly

equal to pr.
ki




Expectation
-

e Example:

— Thus, the amount of money per
spin that you “expect” to receive
IS

_m k1 + maka + - - + mnky
— 3
A2 Mmapr + mapa + -+ Mp Py

M




Expectation
S

e The expected value, or average, of a
random variable X, whose possible values
are {x1,...,xm} with respective probabilities
p1,...,pm, is given as:

i

E(x)=u=>» x-P(x)=> x,-p,

reX i=1




Expectation
-

Example Consider two independent coin tosses, each with a 3 /4 probability
of a head, and let X be the number of heads obtained. This is a binomial random
variable with parameters n = 2 and p = 3/4. Its PMF is

(1/4)° if k=0,
px(k)=192-(1/4)-(3/4) ifk=1,
(3/4)° if k=2,

so the mean is

B

) 132 1 3 3v2 24 3
v :1- —_ . B — o — . — = — = —,
B =0- () +1-(27-5)+2-(3) =553



Expectation
S

e Moments of a random variable:

EG) =3+ P =3 (x) p,

xeX i




Expectation
S

e the variance, the average dispersion of the
data from the mean

Var|x|=c? = E({I —u) J: > (x— ) - P(x)

xeX




Expectation
S

Variance in Terms of Moments Expression

var(X) = E[X2] — (E[X])*

How ?



Expectation
S

Variance in Terms of Moments Expression
var(X) = E[X2] — (E[X])*
var(X) = ¥ (z — E[X]) “px ()
=" (22 - 22E[X] + (E[X])*)px (2)

= Y o%px(2) ~2B[X] Y apx(a) + (E[X])* Y px(a)

= E[X?] - 2(E[X])® + (E[X])’
= E[X?] - (E[X))>.



Expectation
S

Example 2.4. Mean and Variance of the Bernoulli. Consider the experiment
of tossing a bhiased coin, which comes up a head with probability p and a tail with
probability 1 — p, and the Bernoulli random variable X with PMF

_[p if fpe=1
pxm)_{l—p if k=0.

Mean, second moment,
variance ?



Expectation
S

Its mean, second moment, and variance are given by the following calculations:
EX]=1-p+0-(1-p) =p,
E[XE]= 12.p+0-(1-p)=p,
; o : 2 2
var(X) = E[X"] — (E[X])" =p—-p" =p(1 - p).



Expectation
S

e The variance provides a measure of
dispersion of X around its mean. An-other
measure of dispersion is the standard
deviation of X, which is defined as the
square root of the variance




Expectation

e The standard deviation is often easier to
interpret, because it has the same units as
X.

e For example, if X measures length in meters,
the units of variance are square meters,
while the units of the standard deviation are

meters.



Expectation
S

Expected Value Rule for Functions of Random Variables

Let X be a random variable with PMF px(z), and let g(X) be a real-
valued function of X. Then. the expected value of the random wvariable
g(X) is given by

E[g(X)] = > _ g(x)px(z).

r




Pairs of Random Variables
«_ _ ]

e Consider two discrete random variables X
and Y associated with the same
experiment. The joint PMF of Xand Y is
defined by

pxy(z,y) =P(X =2z,Y =y)



Pairs of Random Variables
«_ _ ]

e Joint probability also need to satisfy the axioms of the
probability theory

P(x,»)>0 and ) Y P(x,y)=1

xeX vel

e Everything that relate to X, or Y — individually or together — can
be obtained from the P(x,y). In particular, the individual pmfs,
called the marginal distribution functions can be obtained as

P(=) . Pxy) EBOHI=)EED

yvelt xelX




Statistical Independence

e Random variables X and Y are said to be statistically
independent, if and only if

P(x,y) = F.(x)-F,(y)

e Thatis, if the outcome of one event does not effect the outcome
of the other, they are statistically independent. For example, the
outcome of two individual dice are independent, as one does
not affect the other.



Example
S

Example 2.11. Professor May B. Right often has her facts wrong, and answers
each of her students’ questions incorrectly with probahility 1/4. independently of
other questions. In each lecture May is asked (), 1, or 2 questions with equal proba-
bility 1/3. Let X and Y be the nuiimber of questions May is asked and the numhber of
questions she answers wrong in a given lecture, respectively. To construct the joint
PMF px v(z,y), we need to calculate all the probabilities P(X =z,Y = y) for all
combinations of values of r and y. This can he done by using a sequential descrip-
tion of the experiment and the multiplication rule px v (z,¥) = pr(¥)px v (T |v).
as shown in Fig. 2.14. For example, for the case where one question is asked and is
answered wrong. we have

i 1 ¥ | k! ]-
pxy(l.1) = px(z)pvix(y|z) = —-

1
Vi T 3



Example (cont.)

Prob: 1/48

Prob: 6/48

Prob: 9/48

2 0 0 |[(1/48

Prob: 4/48

1 0 |4/48|6/48

FProb: 12/48
"~ 0 herashz/a8 o/48

Prob: 16/48

0] 1 2
- - !
¥ - Number of ¥ : Number of Joint PMF Py v(x.y)
questions asked questions answered in tabular form
wrong

Figure 2.14: Calculation of the joint PMF px y(z,y) in Example 2.11.



Example (cont.)

The joint PMF can he represented by a two-dimensional table, as shown in Fig.

2.14. It can be used to calculate the probability of any event of interest. For
instance, we have

P(at least one wrong answer) = px.¥(1,1) + px v(2,1) + px v (2, 2)

l,-JL 4 ﬁ 1

A8 " 4R 3 487

2140 0 |1/48

1| 0 |4/48|6/48

0 16/4812/48 9/48

0 1 P X

Joint PMF Py y(x.y)
in tabular form



Pairs of Random Variables

e EXxpected values, moments and variances of joint
distributions can be computed similar to single
variable cases:

n —ZZr P(x ﬁ{y=ZZJ"F(I:J«'}
JK-E(I ) ,-ZZ x—p.) - P(x, )
o, =Ejb*'-ﬂ}-}i=22 Jf-ia-)z P(x, )




Co-Variance
- ]

e A cross-moment can also be defined as the
covariance

G’f}_ = E\_{:I—Jux ){}-‘—..u}_ )J= ZZ{I—‘HI)- (x— 2 ) P(x,y)

e Covariance defines how the variables vary together
as a pair — are they both increasing together, does
one increase when the other decrease, etc



Co-Variance
- ]

e the covariance matrix, denoted by >




Correlation Coefficient

s 1< p<l

F}:

c.0,

e If p=1, then the variables are identical, they move
together,

e If p=-1, then the variables are negatively correlated,
one decreases as the other increases at the same
rate

e If p=0 the variables are uncorrelated. The variation
of one, has no effect on the other.



Conditional Probability
|

e The conditional PMF of a random variable X,
conditioned on a particular event A with P(A) > 0, is
defined by

{X =z} nA)
P(A) '

: % P
ol =X =z [ A)= (



Conditional Probability
|

e Ais alegitimate PMF. As an example, let X be the
roll of a die and let A be the event that the roll is an
even number. Then, by applying the preceding
formula, we obtain

pxia(z) = P(X = z|roll is even)
P(X = x and X is even)
P(roll is even)
- { 113 5= 2.4.8,
0 otherwise.




Conditional Probability

Event {X=x

Sample Space
2

Figure 2.12: Visualization and calculation of the conditional PMF py 4(x). For
each z, we add the probabilities of the outcomes in the intersection {X =z} N A
and normalize by diving with P(A).



Conditional Probability

e The conditional probability of X=x given the Y=y has
been observed is given as

P =2 E=¥) _ P(x,y)

P(X=x|Y =y)=——p PG | [P y) = P(x[ Y)P(Y)

-----------------------------------

)l Yhas |
o] occurred: S X




Conditional Probability

Y has
\ 0| occurred! /S X

|-

*The fact that Y=y has been observed has two main consequences:
* The sample space effectively becomes the space of Y
« The event X=x, effectively becomes XNY, that i1s P(y)
renormalizes the probability of events that occur jointly with Y




Example
... 0000 |

Example 2.13. Consider a transmitter that is sending messages over a computer
network. Let us define the following two random wvariables:

X : the travel time of a given message, Y :the length of the given message.

We know the PMFE of the travel time of a message that has a given length, and we
know the PMF of the message length. We want to find the (unconditional) PMF
of the travel time of a message.



Example (cont.)
|

We assume that the length of a message can take two possible values: y = 10°
bytes with probability 5/6, and y = 10* bytes with probability 1/6, so that

: 5/6 if y =107,
e, |
e { 1/6 if y = 10%



Example (cont.)
|

We assume that the travel time X of the message depends on its length Y and
the congestion level of the network at the time of transmission. In particular, the
travel time is 107*Y secs with probability 1/2, 107*Y secs with probability 1/3.
and 10~2Y secs with probability 1/6. Thus, we have

1/2 ifz=10"2, 1/2 ifz=1,
px|v(x| 10%) = 1/3 ifxr=10"1, pxiv(z|10*) =< 1/3 if z = 10,
1/6 ifrxr=1, 1/6 if = = 100.



Example (cont.)
|

To find the PMF of X, we use the total probability formula

px(T)= Zprlfy]'px v(T|y).

o



Example (cont.)

We obtain

—2

o | o
|

ﬁx[l[]_lj = :1 5

N

px(1l) =

o |
oF |
o =

1

1
11 ) e e (100) =
px(10) = = 3 px(100) =

o



Law of Total Probability

Let B, B, be N mutually exclusive events, whose union gives the sample space £2.
Ience the events 5 constitute a partition of €2

Now consider an event A, a subset of 2. This event can be represented as
A=AN2=ANB,UB,U..UBy)=ANB)UANB,)U...(ANByY)

=) (.
_/\\/ ?ﬁf

Since the B, are mutually exclusive

P(A4)=P(ANB, )+ P(ANB,)+...+ P(ANBy)

P(4)=P(A4|B,)P(B,)+...+ P(4| B, )P(B, )= iP(A | B.)P(B,)

K=l




Bayes Rule

We now pose the following question: Given that the event 4 has occurred. What 1s
the probability that any single one of the event B's occur?

) (.
R ?:‘

B z

P(4NB,) P(A|B,)-P(B))

P(B,| A)= = —
> P(A|B;)-P(B,)
k=l

P(4) Rev. Thomas Bayes,

(1702-1761)
This is known as the Bayes rule



Bayes Rule

oiven as follows:

In pattern recognition, Bayes rules is

Prior Probability: The
total probability of correct

Likelihood: The {conditional) probability of

observing a feature value of x, given that the
class being class o,

correct class is o

P(mj %)=
"

PlxNe,) P(x|o) Plw)”

PE@ Y o) Pl
T k=1 N\

Posterior Probability: The
(conditional) probability of correct
class being w,, given that feature
value x has been observed

T
A Bayes classifier, decides on the class o, that has the largest posterior probability.

The Bayes classifier is statistically the best classifier one can possibly construct.

Evidence: The total probability of

observing the feature value as x

ere, w, indicates class j, and x represents the value of a particular feature.



Example

[t the prior probability of H that a road is wet is P(H)= 0.3. Then the probability that
a road is not wet is 0.7. If we use only this information, then it is good to decide that

a road is not wet. The corresponding probability of error is (.3.
Let us turther say that the probability of rain, P(X), is 0.3. Now if it rains, we need

to calculate the posterior probability that the roads are wet, i.e., P(H | X). This can
be calculated using Bayes theorem. If 90% of the time when the roads are wet, it is

because it has rained

P(X|H)x P(H) _09x0.3
P(X) 03

P(road is wet | it has rained) = 0.9



Many Dimensions
S

In most practical applications, we have more then one feature, and therefore the
random variable x must be replaced with a random vector x. P(x) =2 P(x)

The joint probability mass function P(x) still satisfies the axioms of probability

The Bayes rule 1s then

PxNw,) P(x|o,) P(w,)

P(w,|x)= =—
> P(x|w,) P(w,)

P(x)

While the notation changes only slightly, the implications are quite substantial\
% The curse of dimensionality



Random Vectors

= A random vector is always represented as a column vector: X = [x,,...,x,]T

= The joint cumulative and probability mass/density functions are defined as:

FI{I:':PKX[ Ex,)ﬂ{Xz Exz)n'“ﬂ(Xd £Id:ﬂ

iy A“F.(x)
T AvAx, . Ax,

fl{x}=Pl{X: ixl}n(xz ixz)n---n{;{d i:xd}l

0°f.(®)
Ox,0x,...0x,

p,(x)=

are of not interest are integrated out.

:Ej ﬁ; E:E[[I—llix—p]]"]z
£x]= s{,‘rj} =| t4 I
_E(-;J)_ _z‘!';.::_ |: ] ;

= To obtain the cdf/pdf of a subset of the variables, marginal pdf/cdf, the variables that

=~ Similar expectation and covariance operations can be computed on random vectors

El(x, = 1), — 1Y ]
E[[Id _.lu.:!'le _au|][]

El(x, = 11 ), 2, Y]

E[[Id —#JKI.:; _P‘d}]
' ﬂ-_“ If the x,"s are statistically
independent, the off-diagonal
ot elements of the } will be zero.



Gaussian Distribution

< By far the most important and most commonly observed (cont.) probability distribution

1L A=)

pix)

L

=2

=20 p-o I

pu-3¢  p-2o p-c ut+o p+2o p+3c



Multivariate Gaussian Distribution
«_ _ ]

Y In d-dimensional space, the (Gaussian pdf is:

| ~Ll(x—p) = (x- l]
PO~ il S

p(x)~ N(p,X)




Linear Algebra
|

X, U, v, w (bold face, lower case) d-dimensional
column vector

xi ith element of the vector

X (bold face upper case) dxk dimensional matrix



Linear Algebra

*A linear combination of vectors is another

vector:
V=aquy + asldy + -+ a,ll,

*A collection of vectors are linearly dependent, if
any one of them can be written as a linear
combination of others with at least one non-zero
scalar.



Linear Algebra
|

A basis of V is a collection of linearly independent
vectors such that any vector v in V can be written as
a linear combination of these basis vectors.

* That if B={u1,u2,...,un} is a basis for V, than any v
In V can be written as

V= @aqly + asly + -+ aQ,l,



Linear Algebra
|

A vector norm 1s a ‘metric’ or measure of distance 1n a vector space. It 15 denoted by the

symbol I 5
The subscript ‘p’ denotes how the norm has been defined.

If the subscript ‘p’ appears explicitly, then the norm 1s referred to as the *p-norm’.



Linear Algebra

For any n-dimensional vector 1=[_T:,x2_xs,---.,_r,_,] , any norm of x must satisfy the

following properties:

D Ixl, 20
2) ||1vi||r =0 iff x=0,1i.c.x1sthe ‘null’ vector with x, =0, i=123,...,n
3) For any scalar o, ||D£1|| , = |{£i ||1[| s

4) If v 1s another n-dimensional vector, then ||1 -~ }'ﬂp < |lx] " ”1||r . This relationship is

known as the ‘triangle inequality’.



Linear Algebra
c

5
H
= {Z’* } Examples:

Let x=[-1,1,—2] . Then,

bl = maxix

Ix, =/(=1)? + 1> +(=1)* =6
while

Ix].. = max{|- 1L.]1|,|- 2/} =2



Linear Algebra

*An inner product in a vector space, is a way to multiply vectors
together, with the result of this multiplication being a scalar.
*More precisely, for a real vector space, an inner product satisfies

the following four properties:

160w+ v, w) = i, w) + (v, w)
2 {or v, wh = a v, w).
3. (v, W) = {w, v).

4. {v, v} = 0 and equal if and only if v = (.



Linear Algebra
|

Examples of inner product spaces include:
1. The real numbers R, where the inner product is given by
x, ¥} =x7y.
2. The Euclidean space R", where the inner product is given by the dot product

By, i X )i P1 Py o Fald

=x| V1 +xvat--rx; Vi



Linear Algebra
|

Orthogonality: Two vectors, xand y, in an inner product
space, V, are orthogonal if their inner product, is zero.




Linear Algebra
|

Gradient: (&f (x)/éx; )
of (x) _| &f (x)/ax

-

cX

Vi(x)=grad f(x)=

Jacobian:




Linear Algebra
|

Hessian: Ry ey 2 -
d_mff dxy dra dr1 dry
a?f a? a?f
dra drq dz5 dro dry,
H(f)=
82f #r ... &P
L dzy dx1 Oy, OdTo ;i'_mg_ -




Linear Algebra
|

Taylor expansions for vector valued functions:

y= flx+ Ax) = f(x)+ J(x)Ax + %&}{TH{}{)&}{



