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Chapter One 

Logic 

1.1 Propositions and Truth Values :  انعبارساث

 وانقُى انصحُحت 

A proposition is declarative statement which is either true or 

false, but not both. ( propositions are sometimes called 

'statements ' ) . 

 

Examples : - 

1. Triangles have four vertices .  

2. 6 + 2  = 4 . 

3. 5 < 24 .  

 

The truth (T) or falsity (F) of a proposition is called Truth 

Value . proposition 3 has a truth value of true (T) , and 

propositions 1&2 have truth values of false (F) . 

 

*Questions & demands are not propositions, since they can not 

be declared true or false .Thus the following are not 

propositions: 

4. Keep off the cat. 

5. Did you go to party? 

6. Don't say that. 
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Sentences 4 – 6 are not propositions and therefore cannot 

be  assigned truth values . 

 

* Propositions are denoted using the letters p , q ,r , … . Any of 

these letters may be used to symbolize specific propositions. 

 

*Compound proposition :  
 A compound proposition is statement formed by 

connecting two or more statement, or by negating a simple 

proposition.  

 

1 .2  Logical connectives :  

1) Negation : (~) ٍانُف 

If   p  is any proposition , the negation of   p   denoted by 

~p  ( or  p or ¬ p ) . And it's a proposition which is false when   p   

is true, and true when  p  is false.  

 

 We can summarize this in a table , 

  

p ~ p 

T F 

F T 
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2) Conjunction : ( And) (Λ)         )أداة انشبظ )و 

Let   p & q  be any two propositions , the compound 

proposition is called conjunction of  p & q . And denoted by         

( p Λ q ) . 

The following table gives the truth values of  p Λ q :  

P Q p Λ q 

T T T 

T F F 

F T F 

F F F 

 

From the table it can be seen that the conjunction  p Λ q is 

true only when  p and q  are both true . Otherwise the 

conjunction is false . 

 

3) Disjunction : (or) (V) انشبظ )أو(          أداة  

Let  p & q be any two propositions , compound proposition is 

called disjunction of p &q . And it's denoted by ( p V q) . 

The following table gives the truth value of  ( p V q ) : 

P Q p V q 

T T T 

T F T 

F T T 

F F F 
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From the previous table , one can notice that  p V q is true 

when either or both of it's components are true and it's false 

otherwise. 

 

4) Conditional Propositions : ( → ) ٌارا كرٌ...فار           The 

conditional connective ( sometimes  Called implication ) is 

denoted by → . And reed as if p then q, for any two propositions 

p & q . 

The following is the truth table for p → q :  

  

 

 

          * 

 

 

 

 Notice that " the proposition " if p then q " is false only 

when p is true and q is false . i .e  , a true statement can not 

imply a false one . 

 

5) Biconditional  Propositions :( ↔ ) ( if and only if)  

  The  biconditional connective is               أداة الشبط  إرا وفقط إرا

 denoted by  ↔ . and expressed by " if and only if …. Then … ". 

The truth table of  p ↔ q is ,  

 

P q p → q 

T T T 

T F F 

F T T 

F F T 
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 Note that for  p ↔ q  to be true , when p and q must both 

have the same truth value . i . e  , both must be true or both must 

be false .  

 

Examples : -                                           A                B 

1. Construct a truth table for ( q V p ) Λ ( ~ p V ~ q ) . 

 

p q ~ p ~ q q V p ( ~ p V ~ q) A Λ B 

T T F F T F F 

T F F T T T T 

F T T F T T T 

F F T T F T F 

 

2. Construct a truth table for (~ q Λ p) V (~q V ~ p ) Λp. 

                                                  

                                                   A                B 

                                                                      C  

p q ~ p ~ q ~ q Λ p (~qV~p) A VB C Λ P 

T T F F T F F F 

T F F T T T T T 

F T T F T T T F 

F F T T F T F F 

P q p ↔  q 

T T T 

T F F 

F T F 

F F T 



Computer Science Discrete Structure for 

6 | P a g e 

 

3. Construct a truth table for : 

a) ~q →p .   b) ~p↔~q .  c) p →(qΛr) .   d) (~p V q) ↔~r. 

 a)    

p q ~q ~q→p 

T T F T 

T F T T 

F T F T 

F F T F 

 

 b)  

p q ~p ~q ~p↔~q 

T T F F T 

T F F T F 

F T T F F 

F F T T T 

 

c)  

P q r qΛr p→( qΛr) 

T T T T T 

T T F F F 

T F T F F 

T F F F F 

F T T T T 

F T F F T 

F F T F T 

F F F F T 
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d)  

p Q r ~p ~r ~p Vq (~p Vq)↔ ~r 

T T T F F T F 

T T F F T T T 

T F T F F F T 

T F F F T F F 

F T T T F T F 

F T F T T T T 

F F T T F T F 

F F F T T T T 

 

لازا ٌواىع داذد   p , q , rٌىجاذ لاالاد غخرٍاشاث وهاً  dو  cنلاحظ هناب فاً الالابلٍ  

 الاحخابلاث لاابنٍت ، حسب القبدذة : 

                                             )دذد الاخرٍشاث)                                                   

الاحخابلاث دذد            =     2                  

 

2
2
 = 4   →  (b) , (a) ًأسبع احخابلاث كاب ف 

2
3
 = 4   →  (d) , (c) ًلاابنً احخابلاث كاب ف 

Exercises : 

 1) Draw the truth tables for the proposition :  

1. ~p → q.     2. ~q Λ p.    3. (p V q ) → ( p Λ q) .  

4. ~p↔ ( p Λ q) . 

 

2) Given the propositions . p , q & r , construct the truth tables 

for :  

1. ( p Λ q)  → ~r  .    2. p Λ (~q V r ) .   3. ~ (p V q ) ↔ ( r V p ). 
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1.3 Tautologies and Contradictions :  

Definitions: 

1) A tautology is a compound proposition which is true no 

matter what the truth values of it's simple components.   

 

2) A contradiction is a compound proposition which is false no 

matter what the truth values of it's simple components.  

 

* We shall denote a tautology by t and a contradiction by f.  

 

Examples :  

1) Show that  p V p  is a tautology ? 

Sol :  

Constructing the truth table for  p V p  , we have :  

p p p V  p 

T F T 

F T T 

 

Note that p V  p is always true ( no matter what proposition is 

substituted for p ) and is therefore a Tautology . 

 

2) Show that (p Λ q) is tautology. 

Sol :  

The truth table of ( p Λ q ) V (p Λ q) is given below :  
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p 

 

q 

 

p Λ q 

 

p Λ q 

 

(p Λ q)V( p Λ q) 

T T T F T 

T F F T T 

F T F T T 

F F F T T 

 

 The last column of the truth table contains only the truth 

value T and hence we can deduce that (p Λ q)V(p Λ q) is a 

Tautology. 

 

3) Show that (p Λ q) Λ(p V q) is a contradiction .' 

Sol :  

P q p q p Λ q p V q (p Λ q) Λ(p V q) 

T T F F F T F 

T F F T T F F 

F T T F F T F 

F F T T F T F 

 

 The last column shows that ( p Λ q ) Λ( p V q ) is always 

false , no matter what the truth values of p & q . 

Hence ( p Λ q ) Λ( p V q ) is a contradiction .  
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Exercises:  

        Determine whether each of the following is a tautology, a 

contradiction or neither:  

1) p → (p V q) .     2) (p → q) Λ(p V q).      3) (p Λ q) Λ (p V q). 

 

1.4 Logical Equivalence:  ٍانخكرفؤ انًُطق 

Two  propositions are said to be logically equivalent if 

they have the same truth values . Using P and Q to denote 

(possibly) compound propositions , we write PQ if  P&Q are 

logically equivalent .  

 

Example :- Show that  p V q and  p Λ q  are logically 

equivalent . i .e , that   (p V q)   (p  Λ q). 

Sol :  

p Q p q  p V q p Λ q p Λ q 

T T F F F T F 

T F F T T F T 

F T T F T F T 

F F T T T F T 

  

 غخوبفئت                     

 Comparing the columns for p V q &  p Λ q we not that the 

truth values are the same . Hence , p V q & p Λ q  are logically 

equivalent. 
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Exercises : 

1. Prove that (p → q) (  ̅ V q ) . 

2. Prove that (p Λ q) and (p → q) are logically equivalent 

propositions. 

3. Show that the biconditional proposition p ↔ q is logically 

equivalent to the conjunction of the two conditional 

propositions p → q and q →p. 

 

1.5 The Algebra of propositions: ٍانجبش انقضرئ 

 The following is a lit of some important logical 

equivalences , all in which can be verified  using one of the 

techniques described in ( 1.4) . 

These laws hold for any simple propositions p , q and r . 

* Idempotent  laws: قىاٍَُ انجًىد 

P Λ P   P 

P V  P   P  

* Commutative laws: قىاٍَُ الإبذال 

p Λ q q Λ p 

p V q  q V p 

* Associative laws: قىاٍَُ انخجًُع 

(p Λ q) Λ r  pΛ(q Λ r). 

(p V q) V r  pV(q V r). 

* Distributive laws:  قىاٍَُ انخىصَع  

p Λ ( q V r)   (p Λ q) V (p Λ r). 

p V (q Λ r)    (p V q) Λ (p V r). 
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* Involution law: الانخفرف ىَرق ٌ  

PP. 

* De Morgan's law:      ىٌ دٌ يىسكرٌ َقر  

p V q     p  Λ  q 

p  Λ  q    p V q    

* Complement laws:   ًت(ًخً)انقىاٍَُ الإكًرل   

P V P   t 

P Λ P   f 

     f    t 

     t     f 

where t  = tautology and f = contradiction. 

 

* Absorption laws : قىاٍَُ الاخخضال 

P Λ ( p V q )   p . 

P V ( p Λ q )   p . 

 

* Identity laws:  

P V f   p. 

P Λ t   p. 

P V t   t. 

P Λ f   f. 
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Example :  

 Prove that   ( p Λ q ) V ( p V q )    p. 

Sol :  

 ( p Λ q ) V ( p V q )    ( p Λ q ) V ( p V q ) ( De Morgan law ) 

                                      p Λ ( q V q )           ( Distributive law ) 

                                     p Λ t                         (complement law ) 

                                     p                               ( identity law ) 

 

Exercises : prove each of the following logical equivalences :  

1.  (p Λ p) V ( p V p )   t. 

2. (p Λ q) Λ q   p Λ q . 

3. p Λ ( p Λ q )    p . 

4. p Λ  )()( rpqp      p 

5. q Λ 
















)()( pqqp   q 

1.6 Mathematical Induction:   ٍالاسخقشاء انشَرض 

 

 Let S(n) be a proposition concerning a positive integer n. 

If:  

a) P (1)  is true , and  

b) For every k ≥ 1 , the truth of P(k) implies the truth of       

P(k + 1) , then P(n) is true for all positive integers n.  

 

Example(1): prove that by Mathematical Induction ,                  

1 + 3 + 5 … + (2n – 1 ) = n
2
 , is true for all n ≥ 1. 
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Sol :  

1) first step : show that P(1) is true ,  

P(1) = (2(n) – 1) =n
2
  

        = ( 2 (1) – 1 ) = 1
2
 

                   1  =  1    P(1) is true . 

2) Assume P(k) is true for some k ≥ 1 , 

1 + 3 + 5 + … + ( 2k – 1 ) = k
2
  

3) To prove P( k + 1 ) is true , 

1 + 3 + 5 … + ( 2k – 1 ) + ( 2k + 1 ) = ( k + 1 )
2
 ….. (*) 

Now , notice the left hand side ,  

 

1 + 3 + 5 … + (2k – 1 ) = k
2
 , if we sub . in (*) we get ,  

K
2
 + 2k + 1 = ( k + 1 )

2
  

 k
2
  + 2k + 1 = ( k + 1 )

2
 إكابل غشبع        

 P ( k + 1 ) is true , since the L.H.S equals the R.H.S .  

Example (2) :  By Mathematical Induction , show that for all 

n≥1 , 1 + 2 + …+ n = n 
2

)1( nn
. 

Sol :  

1) P(1) is true ? 

P(1)  = n = 
2

)1( nn
 

→ 1 = 
2

)11(1 
 

       → 1 = 
2

2
 = 1 

 P (1) is true for n =1  
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2 ) Assume P(k) is true for some k ≥ 1  

Since , 1 + 2  + …. + k = 
2

)1( kk
 , sub in (*)  

         L.H.S                                                                  R.H.S 

2

)1( kk
 + k + 1 = 

2

)2)(1(  kk
 

 

Let's work on the L.H.S , we get ,  

                  
2

)1(2)1(  kkk
 

 

         =    
2

222  kkk
 

 

          =  
2

232  kk
 

Now the R.H.S , 

2

)2)(1(  kk
 =  

2

222  kkk
 

 

                 =    
2

232  kk
 

 
 L.H.S = R.H.S → P(k+1) is true . 
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Chapter Two 

Sets and Subsets  

2.1 Sets:  

         A set is to be thought of as any collection of objects 

whatsoever . The object can also be anything and they are called 

elements of  the set . 

The elements contained in a given set need not have anything in 

common  (( other than the obvious common attribute that they 

all belong to the given set )) , there is no restriction on the 

number of elements allowed in a set ; there may be an infinite  

number , a finite number or even no elements at all .  

 

Examples (1) : 

1. A set could be defined to contain Picasso , the Babylon 

Tower and the number  . This is a finite set . 

2. The set containing all the positive, even integers is clearly 

an infinite set. 

 

Notations :  

1. We shall generally use upper – case letters to denote sets 

and lower – case letters to denote elements.  

 

2. The symbol denotes ' belongs to ' or ' is an element of '. 
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 Thus a A means (the element) a belongs to (the set ) A. 

And a A means a does not belong to A. 

 

3. Sets can be defined is various ways : 

a) The simplest is by listing (Enumerate) it's elements, for 

example A =  5,4,3,2,1  defines the set consisting of 

the first five positive integers, the order in which the elements 

are listed is not important.  

 

c) The other way has the form A =  )(: xPx , which read 

as " the set of all x such that P(x) is true " . Thus, 

A={x:x is an integer and 1≤ x ≤5} 

 

     * Finite Set: A set is said to be finite if it's consist of 

exactly (n) elements where (n) is some positive integers , 

otherwise it's infinite .  

 

Example (2) :  

 

1)  A =  5: xx  → A =  ,.....7,6,5  infinite set. 

 

2)  B =  01: xx  → B =  1 finite set .  
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* Null Set (Empty Set):  انًجًىعت انخرنُت 

 The null set or ( empty set ) , which contains no elements . 

And it's denoted by   or  . 

 

Example  (3) : 

   =  rabbitagreenisxx ,: . 

 

* Equality of sets :  حسروٌ انًجًىعرث 

 Two sets are said to be equal if and only if the contain the 

same elements; that is,  

            A = B if  x  BxAx   is a true proposition and 

conversely.  

 

Example (4) :  

A =  ,1000,12,1  , B =  1,1000,,12    

And  C =  1,12,1000,,12,12,1   . 

 

 We should note here that the order and repeating elements 

in a set is not important. Thus,  

 

                                            A = B = C. 
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* The Cardinality:  عذد عُرصش انًجًىعت 

 If A is a finite set it's cardinality, A , is the number of 

(distinct) elements which the set contains .  

 

 

 If A has an infinite number of elements , we say it has 

infinite cardinality , and write A  =  . 

 

Examples (5) :  

1.   →  = 0 , since   contains no elements . 

2. A =     → A عُصاش  نهًجًىعات انخرنُات حعخباش* برنُسابت  , 1 = 

                          خشيواحذ ارا كرَج عُصش نًجًىعت ا

3. A =  Ali,2, → A  = 3 . 

4. If X =  n...,1,0  → X  = n + 1 . 

5. A =  ,...6,4,2   → A  =  . 

6. Let A =   2,1,1                                          * َلاحع هُر اَه . 

 A  وانًجًىعت  1َحخىٌ عهً عُصشٍَ انعذد 2,1         

 .                     2نزا عذد عُرصش انًجًىعت هى   

   
A  = 2. 

 

7. Similarly , 

a)   2,1,2,1 = 3. 
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b)   2,1, = 2 

c)    ,  = 2 . 

d)       2,1,,   = 3 . 

e)      ,,   = 2 . 

 

Exercises (2.1) :  

1. List the elements of each of the following sets, using the 

'… ' notion where necessary : 

a)  43,..:  xandanitegerisxx . 

b)  0)2)(13(:  xxx . 

c)  0)2)(13(0:  xxandxx . 

d)  0)2)(13(,int..:  xxandegeranisxx  

 

2.  Let X = 2,1,0 . List the elements of each of the 

following sets :  

a)  Xxxzz  &2: . 

b)  XyXxwhereyxzz  &..: . 

c)  XzorXzz  .: . 

d)  Xzz 2: . 

e)  Xzandaniszz 2,integer: . 

 

3. Determine the cardinality of each of the following : 
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a)  
2

17
8

1,integer,:  xandanisxx  

b)   cbacba ,,,, . 

c)     cbacba ,,,,, . 

d)     cbacba ,,,,, . 

e)          aaaa ,,, . 

 

2.2 Subsets:  

 The set A is said to be a subset of the set B , if every 

element of A is also an element of B , and denoted by A  B . 

symbolicall, 

A   B  if   x  BxAx  . Is true. 

                                            or    *علاقت انعُصش برنًجًىعت هٍ     

                                           or  علاقت انًجًىعت برنًجًىعت هٍ *      

Examples :  

1. A =  5,3,2,1  & B =  5,3,1,2  

      A   B 

But, 

If        A =  4,2,1  & B =  5,3,1,2  

                    A   B  

2. Let    X =   3,2,1 →  1   X         but ,  

     3,2   X , However ,  3,2  is an element of X , so 

  3,2   X . 
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* Proper Subset : 

 If  A   B but A ≠ B then we say A is a proper subset of B 

and denoted by A   B .  

 يلاحظرث :

 (. B   B)   كم يجًىعت هٍ يجًىعت جضئُت يٍ َفسهر .   -

 (A ( ٍ جضئُت يٍ كم يجًىعت يثلاا ( هانخرنُت )انًجًىعت  -

Exercises : 

1. State whether each of the following statements is true or 

false: 

a) 2   5,4,3,2,1  . 

b)  2    5,4,3,2,1 . 

c) 2   5,4,3,2,1 . 

d)  2     5,4,3,2,1 . 

e)       ,  . 

f) 0   . 

g)  5,4,3,2,1  =  1,2,3,4,5 . 

 

2. list all the subsets of :  

 a)  ba, .     b)  cba ,,  .          c)  a . 
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2.3 Operations On Sets :                                       

Given two sets A & B :  

1. The intersection of sets : (  انخقرطع   (

A    B =  BxAxx  &:   

Is the set of all elements which belong to both A and B. and  it's 

denoted by A  B. 

 

Example :  

A =  5,3,2  &  B = 2,6,1   

→ A  B =  2  . 

 

2. The Union of sets :  ( )  

A   B =  bothorBxorAxx  ,:  

Is the set of all elements which belong to A or B or both. and it's 

denoted by A  B . 

Example :  

A = 








6,2,
3

1    &  B =  10,1,2  

A   B = 








10,6,2,1,
3

1
. 

 * َلاحع عذو انخكشاس .

Example :  

A =  4  &   B =  6,5,3  

A B =                       * لا حىجذ عُرصش يشخشكت   
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3.  The Complement of sets : انًخًًت 

     It consists of all those elements in U , that is not belong 

to A . and it's denoted by  

( ̅  or  
cA  or   A). 

                   A
c
 =  AxandUxx  ,:  

* U represents  the Universal set .  ) انًجًىعت انشريهت( 

Examples:  

(1) Le   {             }   {     }       {     }  



A   = A
c
 =  7,6,4,1   

   . Aولٍسج غىجىدة فً   Uكل العنبصش الاىجىدة فً

        B
 c 

= 


B  =  7,5,4,3  

   Bولٍسج غىجىدة فً   Uكل العنبصش الاىجىدة فً  

(2) Find ( BA )  A   from the previous example? 

* First we find AB =  6,5,3,2,1  . 

* Second we find  =  7,4  

 (.BAولٍسج فً ) Uكل العنبصش فً 

→ ( BA )  =   =   . 

4. The difference of sets :  

   The difference of two sets A and B denoted by A-B or 

A/B. This set contains all the elements of A which do not belong 

to B: 

A – B =  BxandAxx  .,:  = A  B  . 

BA
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* Note that the complement of A is given by,  

A   = U – A  

Example :  

Consider the sets,  A =  5,3,2  & B =  2,6,1  

→ A – B =  5,3 . 

 .Bولا حىجذ فً   Aكل العنبصش الاىجىدة فً 

→ B – A =  6,1  

 .Aولا حىجذ فً  Bكل العنبصش الاىجىدة فً 

Example :  

Let U =  10,...,3,2,1  , A =  6,5,4,3,2,1  

And B =  9,6,3  

There fore , 

→ A   B =  6,3 . 

→ A  B =  9,6,5,4,3,2,1  

→ A – B =  5,4,2,1 . 

→ B – A =  9  

→ A  =  10,9,8,7  

→ B  =  10,8,7,5,4,2,1  

→ BA  =  10,8,7  = A  B   

→ BA  =  10,9,8,7,5,4,2,1  = A   B . 

→ BA  =  10,9,8,7,6,3  = A   B 
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Exercises : Let U =  10:  nNnn  

                 A =  8,6,4,2  , B =  7,5,3,2  & C =  9,4,1  .  

Define (for example, by listing elements) each of the following: 

 

1) A  B          2) A  B         3) A – B  

4) B   C         5) A  B         6) A  (B  C). 

7) B   B          8) B  B          9)  CA   . 

10) (A – C) – B . 

 

* Where N is the natural no.
’s
, N =  ,....2,1,0 .  

 

2.4 Power Set:       يجًىعت انقىي 

 Let A any set. The power set of A, denoted P(A) , is the 

set of all subsets of A :  

 

P(A) =   ABB :   

  ببلاجاىدبث والخبذٌل لا ٌؤلاش .لاٌجىص الخوشاس 

 .الاجاىدت الخبلٍت حوىع دائابً غجاىدت جضئٍت غ  الاجاىدبث 

Example :    

 Consider the set,  A =  3,2,1  . 

P(A) =        ,3,2,1,3,2,3,1,2,1,3,2,1  

* 2
3
 = 8 
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Theorem:     If  A  = n then )(AP  = 2
n
  

 

Example :     

Consider the set,  B=  dcba ,,,  ,    2
4
 = 16  

 

P(B) =
                 

            







,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,

dcadcbdcbadbacbadb

cbdcdacabadcba
  

 

 

2.5 Partitions of a Set : تئانخجض                          

  

 Let A be a set, there are two conditions, if it's true then it's 

a partition: 

1.  A1  A2A3….= A. 

2. A1 A2 A3….=  ارا ححققب الششطبع فهً حالل          →       .

                                                                                    partition 

 

      B                                                      A 

 

 

 

 

     B is not a partition                           A is a partition 

 هنبك حقبطع                                     

 

 

 

 

B1                      B2 

                    

 

                          B3 

A1                    A2 

 

         A3 
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Example :    consider the set,  A =  4,3,2,1  

 

P1(A)=    43,2,1   →      is a partition. 

P2(A)=    4,3,2,1     →        is a partition . 

P3(A)=     4,3,3,21    →     is Not a partition since, 

   4,33,2  ≠   

 

 

2.6 The Cartesian product:       ٍانضشب انذَكرسح 

 The Cartesian product , X×Y of two sets X and Y is the set 

of all ordered pairs (x,y) where x belongs to X and y belongs      

to Y    : 

                      X × Y =  YyandXxyx  ,:),(  . 

 

* Remark : 

 When X = Y , it is usually denote X × X by X
2
 . 

This is read as " X two " and not " X squared " . 

 

Theorem :  

 If X1,X2,X3,…Xn  are finite sets then ,  

nXXXX  ...321   = 1X × 2X  × 3X ×….× nX . 
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Example:   Consider the two sets,  A =  3,2,1  and   B =  ba,  

A  = 3,    B = 2    → BA = 3 × 2 = 6. 

A × B =             bababa ,3,,3,,2,,2,,1,,1 . 

 

Example:      A =  2,1 , B =  ba,  , C =  mk, . 

A × B × C = 

         
      








mbkbma

kambkbmaka

,,2,,,2,,,2

,,,2,,,1,,,1,,,1,,,1
. 

 

Exercises :  

1.  List the elements of P(A) for the following :  

A =     2,1,1  .  

2. Which of the following are partitions of the set  

     10,9,7,3,2  ? 

a)       10,9,7,3,3,2 . 

b)       9,7,3,10,2  . 

c)     10,9,7,4,3,2  . 

d)           10,9,7,3,2 . 

e)  10,9,7,3,2 . 

f)   10,9,7,3,2 . 

g)    2,7,3,10 . 

h)    ,7,3,10,9,2 . 
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3. Let A =  4,3,2,1  , B =  5,4,3  , X =  ba,  , Y =  dcb ,, . 

List the elements of each of the following sets :  

a) ( A  B ) × (X  Y). 

b) (A × X)   (B ×Y). 

c) (A  X) ×Y. 
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Chapter Three 

" Relations" 

3.1 Relations : 

 Let A and B be sets . A relation from A to B ( or between 

A and B ) is a subset of the Cartesian product  A×B. 

 

Remark :  The elements of the relation is an ordered pairs . 

 * ) أي أع دنبصش العلاقت دببسة د  أصواج غشحبت ( .

 

* We shall use a R b to denote " a is related to b ". And a R b to 

denote (a,b)   R or " a is not related to b" 

 

Example (1) : 

A =  3,2,1   , B =  3,2,1  

A × B =                   3,3,2,3,1,3,3,2,2,2,1,2,3,1,2,1,1,1 . 

 

1) Find the elements of R1 iff    a = b 

→ R1 =        BA3,3,2,2,1,1  

 

2) Find the elements of R2   iff    a < b  

→ R2  =       3,2,3,2,2,1  
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3)  Find the elements of R3 iff    a ≥ b 

→ R3  =             1,2,2,3,1,3,3,3,2,2,1,1 . 

 

Example (2) :  

Let A = B =  6,5,4,3,2,1  and  

R =   bdividesaba :, , 

 

R = 

               
            








6,6,5,5,4,4,6,3,3,3,6,2

,4,2,2,2,6,1,5,1,4,1,3,1,2,1,1,1
 

 

3.2 Relations and Digraphs :  

 To represent relations using graphs, there are two basic 

ways to do it,  

 

1) Digraph ( directed graph ) :     )انًخطظ انًخجه( 

 If two elements a  and b  are such that  a  R  b  and   b R  a, 

we will usually connect their points in the digraph by a single 

bi-directional  arrow rather than two directed arrows . 

 

 

 نفس الاعنى              

 

 

* Now , get back to Example(1)  and let's represent it in 

digraph : 

1 2 

1 2 
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 * هُرك خطىحٍُ :

 ضع عُرصش انًجًىعت داخم دوائش . .1

أسسى عُصش َُخًٍ نهعلاقات بساهى َباذأ ياٍ انعُصاش ايول وَُخهاٍ برنعُصاش  .2

 انثرٍَ .

  R1                                  R2                              R3 

   

 

 

 

 

 

Example : (3) 

 From the following digraph, list the elements of R, 

 

 

 

 

 

 

 

Sol :  

A =   dcba ,,,  

R =                 accbdcbdabbaddbb ,,,,,,,,,,,,,,, . 

 

Example (4) :  

Let  A =  3,2,1  , B =  4,2,1 . 

Find: R1 , R2 , R3 , R4 and R5 and represent them in digraphs :  

 

1 1 1 

3 2 3 2 3 2 

a b 

d c 
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 A×B =                   4,3,2,3,1,3,4,2,2,2,1,2,4,1,2,1,1,1 . 

 

1. Find R1 iff  a = b  

 → R1 =      BA2,2,1,1   

 

2. Find R2  iff  a ≤ b  

→ R2 =             4,3,4,2,2,2,4,1,2,1,1,1 . 

 

3. Find R3  iff  a > b  

→ R3  =       2,3,1,3,1,2  

 

4. Find R4 iff  a=2b )ٍَايول = ضعف انثر(                     

→ R4 =     4,2,2,1 . 

 

5. Find R5 iff  a= 4b (ول = أسبع اي)ٍَأضعرف انثر                    

 

          → R5 =   4,1 . 

               

 

   R1                                       R2                                   R3 

  

 

 

 

 

 

 

1 

2 3 

4 

1 

2 3 

4 

1 

3 2 

4 
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R4                                         R5 
 

 

 

 

 

 

 

 

 

2. Binary Matrix :                        ) انًصفىفت انثُرئُت( 
 

 Let A =  aaa n,....,, 21  and B =  bbb n,....,, 21  be 

finite sets and let R be a relation from A to B. 

The binary matrix of R is a rectangular array of (zeros and ones) 

with n rows and m columns. The rows correspond to the 

elements of A and columns correspond to the elements of B. At 

the intersection of i
th

 row and j
th

 column we place (1) if ai Rbj or 

(0) if ai R bj. 

 

i.e,         1, Rba  

              0, Rba  

 

Example :  

 Back to example(4) construct the relations by using 

binary matrix ( Boolean Matrix) ,  

Sol :  

             A =  3,2,1    , B =  4,2,1  

1 

2 3 

4 

1 

2 3 

4 
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R1                                                                    R2 

         b1 =1    b2 =2     b3 =4                             1      2      4  

a1 =1     1        0        0                            1     1       1      1 

a2=2        0        1        0                            2     0       1      1 

a3=3        0        0        0                            3     0       0      1 

 

 

R3                                                                    R2 

              1        2        4                                    1      2      4  

    1      0        0        0                             1     0       1      0 

    2        1        0        0                            2      0       0      1 

    3        1        1        0                            3      0       0      0 

 

 

   R5 

           1      2      4           

    1     0       0      1 

   2      0       0      0 

   3      0       0      0 

 

 

3.3 Properties of Relations :  

Let  R be a relation on set A. We say that R is:  

 

1. Reflexive:                                                     الاَعكرط        

               A relation is said to be reflexive if and only if a R a 

for every aA. 
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Example :                  A =  3,2,1  

 

R1 =             ,3,3,3,2,2,2,3,1,2,1,1,1  

R1  is reflexive                          أي كل دنصش ٌشحبط غع نفسه 

 

R2 =         1,3,2,2,3,2,1,1  

3A but (3,3) R2 

 R2 is not reflexive. 

 

 

2. Symmetric :                   يخُرظشة  

 A relation is said to be symmetric if and only if a R b 

implies b R a for every a,b   A ;  

 

Example :               A =   cba ,,    

 

R1 =  ),(),,(),,(),,( ccabbaaa  

R1    is symmetric  

 َجب أٌ َكىٌ عكسه يىجىد أَضرا . R1أٌ أٌ كم عُصش يىجىد فٍ *

 

Example :  

                    A =  4,2,1  

R1 =             4,4,2,2,2,1,2,4,4,2,1,1  

 (1,2)   R   but (2,1)   R 

 R is not symm. 



Computer Science Discrete Structure for 

38 | P a g e 

 

3. Transitive : يخعذَت                         

 A relation is said to be transitive if and only if a R b 

and   b R c implies  a R c  for every  a,b,c  A . 

 

Example :    A =  3,2,1  

           R1 =         3,1,3,2,2,1,1,1  

           R1  is transitive 

 

R2 =               3,3,2,2,1,2,2,3,3,2,2,1,1,1  

22 )3,1(,)3,2()2,1( RbutR
cacbba

  

 R2  is not transitive. 

 

Exercises :  

1. Represent the relation "less than (<)" on A =  5,4,3,2,1  by 

using Boolean Matrix. 

 

2. From the following digraph , list the elements of R, 

  

 

 

 

 

 

 

2 

1 3 

4 
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3. Find the digraph representation and the relation of R 

corresponding to the following Boolean Matrix,  

 

                

                        1       0      1    1                                        

            =      0       1      0     1            

                        1       0      0     1   

 

 

4. Let  A =  edcba ,,,,   for each of the following relations 

R on A, determine which of the three properties (reflexive, 

symm., trans.) are satisfied by the relation . Justify your 

answers :  

 

    a) R =                   ccbcaccbbbabcabaaa ,,,,,,,,,,,,,,,,,  

 

b) R =               cbbaeeddccbbaa ,,,,,,,,,,,,, . 

 

c) R =                 eeaeedddccbbdaaa ,,,,,,,,,,,,,,, . 

 

d) R=           aeeddccbba ,,,,,,,,, . 

e) R = 
              eeceecaddbabba ,,,,,,,,,,,,,

. 

 

 



Computer Science Discrete Structure for 

41 | P a g e 

 

5. Let R =           cbbbcabaaa ,,,,,,,,, . Be a relation on 

the set dcba ,,, . What is the minimum number of 

elements which need to be added to R in order that it 

becomes :  

(1) Reflexive;         (2) symmetric. 

(3) Transitive ?  

 

3.4 Composition of Relations : - 

 Let  R  be the relation between the set A and the set B and 

let  S  be a relation between  B  and C . We can then define a 

new relation, the composition of R and S, written RoS. The 

relation RoS is a relation from A to C, and is defined as follows:  

 

    SoR =  SzyRyxByCAzx  ),(),(;,),( . 

 

Example (1):-   Consider the relations  R and S defined as 

follows: -  

 

R =   )4,3(),1,2(),3,1(),1,1( . 

S =   )2,3(),1,3(),1,1( . 

Then, 

SoR =  )1,2(),2,1(),1,1(  . 
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Example (2):-  Let R = 12;),(  yxNNyx . 

                                S = 252;),(  yxNNyx . 

Find  SoR  and  RoS  as an order pairs? 

Solution : 

R = 








)1,11(),2,10(

),3,9(),4,8(),5,7(),6,6(),7,5(),8,4(),9,3(),10,2(),11,1(
. 

 

S = 








)1,12(),3,11(),5,10)(7,9(),4,8(

),11,7(),13,6(),15,5(),17,4(),19,3(),21,2(),23,1(
. 

 

SoR =








)23,11(),21,10(),19,9(

),17,8(),15,7(),13,6(),11,5(),9,4(),7,3(),5,2(),3,1(
. 

RoS =  )11,12(),9,11(),7,10(),5,9(),3,8(),1,7(  

 

3.5 Composition by logical matrix 

product :- 

           the matrix representation of the composition of two 

relations is equal to the matrix product of the matrix 

representations of these relation. Where addition corresponds 

to logical OR and multiplication to logical AND. 

Example : 

     Let  A =  cba ,,  , and let R and S  be relations on A whose 

matrices are: 

http://en.wikipedia.org/wiki/Composition_of_relations
http://en.wikipedia.org/wiki/Matrix_product
http://en.wikipedia.org/wiki/Logical_OR
http://en.wikipedia.org/wiki/Logical_AND
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               1      0      1                                          1      0     0         

   MR =    1      1     1        ,                  MS=        0      1      1 

                0      1     0                                          1      0      1 

 

And the logical matrix product gives: 

 

                 

                        1      0      1                                         

        MSoR=      1      1      1            

                        0      1      1    
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Chapter Four 

Matrices 

 

*Linear Equations : - 

 Let a1 , a2 , …, an , b R and X1 , X2 , …,Xn  are  

variables (unknowns) then the from :  

a1 x1 + a2x2 + … + anxn = bn . 

Called linear equation, a1,a2,..an are coefficients and b is 

the absolute value.  

And the form : 

 

a11 x1 + a12x2 + … + a1nxn = b1 

 

a21 x1 + a22x2 + … + a2nxn = b2 . 

 

an1 x1 + an2x2  + … + annxn = bn . 

 
Called system of linear Equations  

 

4.1 Matrices :  

  
 The matrix is a rectangular arrangement form consists of 

orthogonal rows and columns. The coefficients of the linear 

system are elements of the matrix,  
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               a11     a12     a13 …  a1n  

   A=   a21     a22     a23 …  a1n 

           an1     an2     an3 …  ann  

 

 This matrix is called the coefficients matrix and it's usually 

denoted by capital letters. And it can be represented by : 

A =[aij]   , 1 ≤ i ≤ n   , 1≤ j ≤ n. 

 

Examples: -  

1.   2x1 + 3x2 + 8x3 = 6 

            x1 +  x2 -  3x3  =  2. 

It's a system consists of 2 equations and 3 unknowns. 

Can be represented in a matrix as :  

              2    3     8       6 

              1    1    -3       2 

                                   

                                    2   5     1 

2. The matrix B=    3  6      2      , represent the  following 

                                   1   2     0 

        System : 

 

         2x1 + 5x2 = 1 

         3x1 + 6x2 = 2 

           x1 + 2x2 = 0 
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Note : This matrix  is of degree 3×2. In general : the matrix is of 

degree m×n, where m = is the no. of equations and n= is 

the no. of variables , in the linear system.  

 

4.2 Types of Matrices :  

1) When     m = n, then the matrix called Square Matrix. 

2) If   aij = 0 ,  i , j , then the matrix called  Zero Matrix, 

and it's denoted by O. 

3) The square matrix is called the Identity Matrix , If : 

         

                 1     for    i = j  

aij  =  

                0     elsewhere 

and it's denoted by I. 

 

Example :  

                    0   0    0 

1. O =                          ,   is a zero matrix. 

               0    0    0 

   2×3 

 

                    1    0    0 

2.  I =      0    1    0       ,   is an identity matrix. 

                    0    0    1 

                                    3×3 

 

4)  A
T
 is the transpose of the matrix A, when the rows of A 

are the columns of A
T
, and so as for the columns of A. 
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Example:-  

 

 

          1    2     0                                       1       5 

A =                                          A
T
   =      2      -1 

          5    -1    2                                       0      2   

    2×3  3×2 

 

5)  If  A = A
T
, then A is called Symmetric Matrix. 

6) The square matrix is called lower triangle matrix if aij  = 0, 

  i< j and called upper triangle matrix if aij  = 0,    i> j . 

 

Example:  

           1    0    0                                   1   6    3 

 A =    0    5    0                        B =     0   5    1 

           1    3    2                                   0   0    2 

                             3×3                                       3×3                  

 

 

7) The matrix is called Diagonal Matrix if  

 

                        0    ,    if     i ≠ j 

        aij = 

                        not all zero , if i = j 

 

 

 

4.3 Operations on Matrices : -  

 

1. (Equality): The two matrices Am×n=B m×n if aij=bij,   

 i,j  
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2. Multiplied by scalar :  

If k is scalar and Am×n = [aij ] m×n , then  kA =[kaij]m×n 

Example:- 

                     1     2                 3     6 

             3*                    =    

     0    -3                 0    -9 

 2×2     2×2 

 

Note : The division by scalar is like multiplying by 
k

1
. 

 

 

3. Addition of Matrices : 

 

Let  A = [ aij ] m×n  and B= [ bij ] m×n be two matrices , 

then  

A+ B = [ aij ] m×n  + [ bij ] m×n = C = [ aij+ bij] m×n 

  

Example:- 

 

             A=     B= 

             

then, 

 

          A+B= 

 

                     

 

1 -1 0 

1 0 2 

 2×3 

2 -1 3 

0 2 -3 

  2×3                                              

3 -2 3 

1 2 -1    2×3 
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4. Multiplication of Matrices: 

If A of degree m×k then B must be of degree k×n to be 

able of multiplying A by B. 

The result matrix C is of degree m×n. 

 

A ×  B = [aij] m×n × [bij] m×n 

 

= [




k

t
tjit ba

1

)(

] m×n = [cij] m×n = C m×n 

 

Example:- 

 

    A= 
   
   

                    B=  
   
   
   

 

                         2×3                                     3×3 

       A2×3 × B3×3 

 

            C2×3 = 

 

 

                            = 

      

                             

 

2*3+ 1*1+ 3*1  2*0+ 1*2+ 3*1  2*1= 1*1+ 3*2 

1*3+ 2*1+ 1*1  1*0+ 2*2+ 1*1  1*1+ 2*1+ 1*2 

10 5 9 

6 5 5 

    2×3 
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Note : 

    1. If  A  and  B  are square matrices from n×n , then  C is 

from the same degree, i.e,  An×n  × Bn×n = Cn×n. 

2.  An×n  × In×n = In×n × An×n = An×n 

 

5. Power of matrices : 

If An×n is a square matrix, then     
 

 = An×n × An×n , In general:  

    
  = An×n × An×n ×…× An×n 

                                  m-times 

Example:- 

 A2×2=    
  
  

                                
  =    

  
  

                                                                                                                         

                                                                             2×2 

 

H.W: 

1) Find [ kA2×3],    A=   
   
   

 

Where,  k= 
 

 
. 

 

2) If A =   
    
    
    

       ,       B=   
  
  
  

   

 

Find A × B= ? 
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3) If A =   
      
    
      

     ,         B=     
   
   
   

 

  

Fine A – B= ? 

 

4) Given the square matrices , 

Where,      A=    
    
   

       and  B=   
     
   

                                         

 

Verify by direct computation that AB ≠ BA. 


