Duscrete Structure for Computer Scievce

Chapter One

Logic
1.1 Propositions and TrutihvValues : =il

daaall asdl) g

A proposition is declarative statement which is either true or
false, but not both. ( propositions are sometimes -called

'statements ') .

Examples : -

1. Triangles have four vertices .
2.6+2 =4,

3.5<24.

The truth (T) or falsity (F) of a proposition is called Truth
Value . proposition 3 has a truth value of true (T) , and

propositions 1&2 have truth values of false (F) .

*Questions & demands are not propositions, since they can not
be declared true or false .Thus the following are not
propositions:

4. Keep off the cat.

5. Did you go to party?

6. Don't say that.
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Duscrete Structure for Computer Scievce

Sentences 4 — 6 are not propositions and therefore cannot

be assigned truth values .

* Propositions are denoted using the lettersp, q ,r, ... . Any of

these letters may be used to symbolize specific propositions.

*Compound proposition :
A compound proposition is statement formed by
connecting two or more statement, or by negating a simple

proposition.

1.2 Logical connectives :

1) Negation : (~) A
If p is any proposition , the negation of p denoted by
~p (or por-p).Andit'saproposition which is false when p

IS true, and true when p is false.

e \We can summarize this in a table ,

p ~p
T F
F T
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2) Conjunction : ( And) (A) (9) L2 814

Let p & q be any two propositions , the compound

proposition is called conjunction of p & q . And denoted by

(pPAQ).
The following table gives the truth values of p A q:

P Q PAq
T T T
T F F
F T F
F F F

From the table it can be seen that the conjunction p A q is
true only when p and q are both true . Otherwise the

conjunction is false .

3) Disjunction : (or) (V) (s1) Jaa L 314

Let p & g be any two propositions , compound proposition is
called disjunction of p &q . And it's denoted by (pV Q) .

The following table gives the truth value of (pV q):

P Q pVq
T T T
T F T
F T T
F F F
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From the previous table , one can notice that p V q is true
when either or both of it's components are true and it's false

otherwise.

4) Conditional Propositions : ( — ) O&...08 13 The

conditional connective ( sometimes Called implication ) is

denoted by — . And reed as if p then g, for any two propositions

p&q.
The following is the truth table forp — q :

%
M M| H| H| T
m - T H| Q
—H ] T 4] |

Notice that " the proposition " if p then g " is false only
when p is true and q is false . i .e , a true statement can not

imply a false one .

5) Biconditional Propositions :( < ) (if and only if)

The biconditional connective is 13) a5 13) Jay 1 3l
denoted by « . and expressed by " if and only if .... Then ... ".
The truth table of p < q s,
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P qa |p<(q
T T T
T F F
F T F
F F T

Note that for p < q to be true , when p and g must both
have the same truth value . 1. e , both must be true or both must

be false .

Examples : - - A » B
1. Construct a truth table for(qVp)A(~pV~q).

plal-p|-alqVp| (-pV-~q) [AAB
TITIF[F[ T F F
TIF|F [T T T T
FIT| TIF| T T T
FIF[ TIT| F T F

2. Construct a truth table for (~qAp) V(~qV ~p) Ap.

b

A B
C\

mm- -
M= m-
—|—|mm
—|md|m
L e e R
—|—|—m
m—|—m
m|mHm
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3. Construct a truth table for :

d) (~pV q) &~r.

a) ~q —p. b)~pe~q. c)p —(qAr).

b)
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d)
plQfr | ~p [~r-pVq|(p Ve ~r]
T T |T| F |[F| T F
T T F| F [T T T
TIF | T| F [F| F T
TIF|F| F [T F F
FlT T T [ F| T F
Fl T F| T | T] T T
FIF T T [F| T F
FIFIF| T | T] T T

Ne GNP, g, D i WA g d 50 calliall 8 Lia Jaadl
» e8]l Cowa ¢ Ailad aYLaiaY)
(D) yziall 22e)

LAYl e = 2
2°=4 — (b), (8) o LS L)
=4 o (0), (0) o LS L)
Exercises :
1) Draw the truth tables for the proposition :
l.~p—>q 2.~qAp. 3.pVq)—(pAQq).
4.~p=(pAq).

2) Given the propositions . p, g & r, construct the truth tables
for :
I.(pAq -~ . 2.pA(~qVr). 3.~pVq)e=(rVp).
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1.3 Tautologies and Contradictions :

Definitions:

1) A tautology is a compound proposition which is true no

matter what the truth values of it's simple components.

2) A contradiction is a compound proposition which is false no

matter what the truth values of it's simple components.

* We shall denote a tautology by t and a contradiction by f.

Examples :

1) Show that p V p is a tautology ?

Sol :

Constructing the truth table for pV p , we have :
P p | PVD
T F T
F T T

Note that p V p is always true ( no matter what proposition is

substituted for p ) and is therefore a Tautology .
2) Show that (p A q) is tautology.
Sol :

The truth table of (p A q) V (p A q) is given below :

|PageA



Discrete Structure for Computer Science

p d |pAq|pAq|(PAQV(PAQ)
T T T F T
T F FE | T T
F T FE | T T
F F FE | T T

The last column of the truth table contains only the truth
value T and hence we can deduce that (p A qQ)V(p A q) is a
Tautology.

3) Show that (p Aq) A(p V q) is a contradiction .'

Sol :
Pl da | p | g pAq|pVad | (pAgQApPVQ
T | T | F|F F T F
T | F | F | T T F F
F| T | T F F T F
F| F | T T F T F

The last column shows that (p A q) A(p V q) is always
false , no matter what the truth values of p & q .

Hence (p Aq) A(p V q) is a contradiction .

|Page?



Discrete Structure for Computer Science

Exercises:
Determine whether each of the following is a tautology, a

contradiction or neither:
Dp—=0(PpVe. 2)@—=9APVY. 3NPAPADPVY.

1.4 Logical Equivalence: (ikiall sl

Two propositions are said to be logically equivalent if

they have the same truth values . Using P and Q to denote
(possibly) compound propositions , we write P=Q if P&Q are

logically equivalent .

Example :- Show that p V q and p A q are logically
equivalent . i .e, that (E) \/ c_|) = (qu).

Sol :
P | Q| p | 0 | pVag| pAq pAq
T | T | F|F F T F
T | F | F | T T F T
F| T | T F T F T
F| F | T T T F T

Gdl<ia

Comparing the columns forp V q & p A q we not that the
truth values are the same . Hence ,p V q & p A q are logically

equivalent.
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Exercises :
1. Prove that (p > q)=(pV Q).
2. Prove that (p A q) and (qu) are logically equivalent
propositions.
3. Show that the biconditional proposition p «<» q is logically
equivalent to the conjunction of the two conditional

propositions p — q and q —p.

1.5 The Algebra of proposifions: il yal
The following is a lit of some important logical
equivalences , all in which can be verified using one of the
techniques described in ( 1.4) .
These laws hold for any simple propositions p, gandr.
* |dempotent laws: 2gapd) ¢yl 68
PAP =P
PVP=P
* Commutative laws: Jiay) ol 6
PAQ=qAp
pVa=qVp
* Associative laws: gl ¢yl g8
(P Aq@ Ar =pA(q Ar).
(PVaVr=pV(@QVr).
* Distributive laws: gl ¢l s
PACQVD) =(@AQV(pAI).
PV(@Ar) =@EVYAQPVD).
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* Involution law: <) ¢ gild
P.

mel|
Il

* De Morgan's law:  ¢Suse g2 o8
qQ=pAq

pAq=pVq

* Complement laws:  (daciall) JLasyl ¢l 8
PVP =t

©
<

PAP = f
f =t
T=f

where t = tautology and f = contradiction.

* Absorption laws : JIJ3aY il 6
PA(pVq)=p.
PV(pAq)=p.

* |dentity laws:

PVT=np.
PAt =p.
PVt=t.
PAf=T
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Example :
Provethat (pAq)V(pVq) = p.

Sol :

(PAQ)V(PVA) =(PAq)V(PVQ)(DeMorganlaw)
=pA(qVQq) ( Distributive law )
=pAt (complement law )
=D (identity law )

Exercises : prove each of the following logical equivalences :
L. pAp)V(pVp) =t
2.pAQAq=pAq.
3.pA(pAq) = p.
4. p Al(pra)v(pin)] =p

5, qA[(pVQ)A(qA p)} =g
1.6 Mathematical Induction: =2k sl i)

Let S(n) be a proposition concerning a positive integer n.
If:
a) P (1) istrue, and
b) For every k > 1 , the truth of P(k) implies the truth of

P(k + 1), then P(n) is true for all positive integers n.

Example(1): prove that by Mathematical Induction

1+3+5...+(2n-1)=n°,is true forall n > 1.
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Sol :
1) first step : show that P(1) is true ,
P(1) = (2(n) - 1) =n"
=(2(1)-1)=1°
1 =1 . .P(1)istrue.
2) Assume P(k) is true for some k> 1,
1 +3+5+...+(2k-1)=kK
3) Toprove P(k + 1) istrue,
1+3+5 .. +(2k=1)+(2k+1)=(k+1)*....(%

Now , notice the left hand side

1+3+5...+Q2k-1)=k*, ifwesub.in (*) we get,
KZ+2k+1=(k+1)

K H2k+1=(k+1)* medwS)

- P(k+1)istrue, since the L.H.S equals the R.H.S .
Example (2) : By Mathematical Induction , show that for all

n(n+21)

n>1,1+2+...+n=n >

Sol :

1) P() istrue ?

__n(n+1)
P(1) =n= B

o la+ny

—

" P (1) istrue forn=1
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2 ) Assume P(k) is true for some k > 1

k(k +1 :
Since, 1+2 + ... +k= === subiin (%)
L.H.S R.H.S
¥
K(K +1) (K +1)(K + 2)&«
— +k+1= >

Let's work on the L.H.S , we get,
k(k+21) +2(k +1)
2

K?+K+2K+2
2

k? +3K + 2

2
Now the R.H.S

kK+Dk+2) Kk*+2k+k+2
2 - 2

k?+3k +2
B 2

. LH.S=R.H.S — P(k+1) is true .
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Chapter Two
Sety and Subsety

2.1 Sety:

A set is to be thought of as any collection of objects
whatsoever . The object can also be anything and they are called
elements of the set.

The elements contained in a given set need not have anything in
common (( other than the obvious common attribute that they
all belong to the given set )) , there is no restriction on the
number of elements allowed in a set ; there may be an infinite

number , a finite number or even no elements at all .

Examples (1) :
1. A set could be defined to contain Picasso , the Babylon
Tower and the number 7. This is a finite set .
2. The set containing all the positive, even integers is clearly

an infinite set.

Notations :
1. We shall generally use upper — case letters to denote sets

and lower — case letters to denote elements.

2. The symbol € denotes ' belongs to ' or ' is an element of .
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e Thusa € A means (the element) a belongs to (the set ) A.

And a & A means a does not belong to A.

3. Sets can be defined is various ways :

a) The simplest is by listing (Enumerate) it's elements, for
example A = {1,2,3,4,5} defines the set consisting of

the first five positive integers, the order in which the elements

are listed is not important.

¢) The other way has the form A = {x: P(x)}, which read
as " the set of all x such that P(x) is true " . Thus,

A={x:x is an integer and 1< X <5}

* Finite Set: A set is said to be finite if it's consist of
exactly (n) elements where (n) is some positive integers |,

otherwise it's infinite .

Example (2) :
1) A= {X X > 5} — A= <{5,6,7, ..... } infinite set.

2) B= {x:x—1=0} — B= {1} finite set .
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* Null Set (Empty Set): 4:lall ds ganall
The null set or ( empty set ) , which contains no elements .

And it's denoted by @ or { }.

Example (3) :
¢ = {X: x,isagreenrabbit}.

* Equality of sets : <l ganal) (5 glud
Two sets are said to be equal if and only if the contain the

same elements: that is,

A=Bif Vx [X eAeXe B] is a true proposition and

conversely.
Example (4) :
A= {1,-121000, 7z} , B = {~12, #,1000,1}

And C= {1,-12,—12, 7,1000,—-12,1}.

We should note here that the order and repeating elements

in a set is not important. Thus,

A=B=C.
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* The Cardinality: 4s saxall palic a3

If A is a finite set it's cardinality, \A\ is the number of

(distinct) elements which the set contains .

If A has an infinite number of elements , we say it has

infinite cardinality , and write \A\ = o,

Examples (5) :
1. ¢ > \(15\ =0, since @ contains no elements .
2. A= g} — |A =1, sale i 080 Lo gagall ity
A s ganal jalic cuilS 13 aalg
3. A= {7,2,Ali} |A =3,
4. 1fX={01...n} - |X| =n+1.
5 A= {2,4,6,.} - |A =

6. Let A= {1,{1,2}} . A5) L Jaads *
1,2} 40 sanally ) anal Gy paie o g siag A
.Y o8 de ganall jualic axe Y
—a»‘AJ:ZZ-

7. Similarly ,
a) L2, 1,2} = 3,
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b) [{e. L2} =2
o) g} =2.
d) | {e} L2} =3.
e) o, 1. {2} =2.

Exercises (2.1) :
1. List the elements of each of the following sets, using the
'... 'notion where necessary :

a) {x: xis.aniteger,and —3 < x < 4}.

b) {x:(Bx—1)(x+2)=0}.

c) {X:x=0and(3x —1)(x+ 2) =0},

d) {x:xis.aninteger,and(3x —1)(x + 2) =0}

2. Let X :{0,1,2}. List the elements of each of the
following sets :

a) {z:z=2x&xe X},

b) {z:z=x+ywherexe X &y e X},

) {z:zeXor—ze X},

d) {z:22 e X }.

&) {z : zisaninteger,and z° X}.

3. Determine the cardinality of each of the following :
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a) {x:x,isaninteger,and 34 < x <174
b) {a,b,c{a,b,c}}.

¢) {a,{b,c}, {a,b,c}}.

d) {{a,b,c},{a,b,c}}.

e) {a. {a) {aj) {Haj}i).

2.2 Subsety:

The set A is said to be a subset of the set B , if every

element of A is also an element of B , and denoted by Ac B .

symbolicall,

AcB ifvx {xe A— xeB}.Istrue.

Eor € (A dssaaally painl) Ao
C or & (& 4 sanally A garal) dBDe *
Examples :

1. A= {1,2,35} & B= {21,3,5}
. ACB
But,
If A={,24}&B= {2135}
AZB
2. Let X={{23}} - {4} < x but ,

{2,3} & X , However , {2,3} is an element of X , so

{{2,3}} < X.
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* Proper Subset :

If A & B but A #B then we say A is a proper subset of B
and denoted by A C B.

+ cUhadla
(B S B) . ek on i Ao gara b Ao sana S -
(P = A )Nade sara IS G dsija b (9) BAD Ao sanall -
Exercises :
1. State whether each of the following statements is true or
false:
a) 2 € {1,2,3,4,5} .
b) {2} € {1,2,3,4,5}.
c) 2 € {1,2,3,4,5}.
d) {2} < {,2,3,4,5}.

e) ¢ < {g.{s}}.
HOEG.
g) {12,345} = {5,4,3,2.1}.

2. list all the subsets of :

a) {a,b}. b) {a,b,c}. c) {a}.
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2.3 Operaliony Ow Sety :
Giventwosets A& B :
1. The intersection of sets : (M) adaladl)
A N B={x:xeA&XxeB}
Is the set of all elements which belong to both A and B. and it's
denoted by A (1 B.

Example :
A= {235} & B={,6,2}
—~ANB={2}.

2. The Union of sets : (U)
AUB={X:X e A,or x € Borboth}

Is the set of all elements which belong to A or B or both. and it's
denoted by AU B .

Example

A= .{%,2,6} & B= {2110}

AlUB= {% ,1,2,6,10} .
. S ade Jaadl %
Example :
A=1{4} & B= {356}
ANB=¢ 4 jidia palic 22 g3 Y *
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3. The Complement of sets : 4aaiall
It consists of all those elements in U , that is not belong

to A . and it's denoted by
(A or Aor A).
A= {x:xeU,and x ¢ A}
* U represents the Universal set . (4llill ds gagall)

Examples:
(1) LeU ={1,2,3,45,6,7},B = {1,2,6} and A = {2,3,5}
A =A= 1,4,6,7)
LA (B3 se Sl s U (SB35 sall jualiall S
‘=B ={3457h
B f5asmse Cundy U A5asasall jualiall S
(2) Find (aUB)() A from the previous example?
* First we find AUB = {1,2,3,5,6} .
* Second we find AUB = {4,7}
\(BUA) &t Sl g U (B paliall JS

S@aue)N=1{}=1¢.
4. The difference of sets :

The difference of two sets A and B denoted by A-B or
A/B. This set contains all the elements of A which do not belong

to B:

A—_B-= {X:XeA,and.XeEB} =AM B.
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* Note that the complement of A is given by,

A=U-A
Example :
Consider the sets, A= {2,3,5} & B = {16,2}
A-B= {35}

B paxsd¥sA Abaagall paliall IS
S B-A= {16}

A SV 5B 3 sall jualiall S
Example :

LetU= {123...10} A= {12,3456]
And B = {3,6,9}

There fore ,

— AN B= {36},

A UB={234569}

> A-B= 1245},

LB-A= {9}

— A= {78910}

B = {1,2,45,7,810}

_,AUB = {7810} = ANB

,ANB = {1,2,457,8910} = AU B,
 A-B=1{3678910} = AUB
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Exercises : LetU = {n:ne N A n <10}
A= {2468 B=1{2357} &c= {149}

Define (for example, by listing elements) each of the following:

)AMNB 2)AU B 3)A-B
HB Nc 5 ANB  6ANEBUO.

7BUB 8BNB  9) AUC.
10) (A—C)-B .

* \Where N is the natural no.*, N = {0.1,2,....}.

2.4 Power Set: s As gara
Let A any set. The power set of A, denoted P(A) , is the

set of all subsets of A :

P(A)= {B:BC Al
L3 Y dagll s cle senally ) S S e
ile senall pe 44 a Ao gana Laild () 55 A0 de gandll o
Example :
Consider the set, A= {1,2,3} .

P(A) = 10512518} 1,25, {13}, 12,3, 11.2.3), 4]

*2°=8
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Theorem: If |A =nthen |P(A)| =2"

Example :

Consider the set, B= {a,b,c,d} = 2¢=16

(B) - {{a}, by icjd} abja.ch i dj e dj b.c }

{b,d},{a,b,c},{a,b,d},{a,b,c,d},{b,c,d},{a,c,d} ¢

2.5 Pawrtitions of a Set : 4359

Let A be a set, there are two conditions, if it's true then it's
a partition:
1. AU AUAU. . =A
2. AlﬂAzﬂAgﬂ...;qﬁ} — Jiad g8 ol s 1)

partition

B A
£ i
As

B is not a partition
el cllia

A is a partition
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Example : consider the set, A = {1,2,3,4}

P1(A)= {{1}’ {2’3}{4}} — 1s a partition.

P2(A)= {{1’2’3}’ {4}} — is a partition .

Ps(A)= {{1{2,3},{3,4}} — is Not a partition since,
{23iN{34}+ ¢

2.6 The Cautesionvproduct: il qyal

The Cartesian product , XxY of two sets X and Y is the set
of all ordered pairs (x,y) where x belongs to X and y belongs
toY

XxY={(x,y):xeX,andyeY}.

* Remark :
When X =Y , it is usually denote X x X by X*.

This isread as ** X two " and not "* X squared " .

Theorem :

If X{,X2,X3,...Xn are finite sets then ,

‘XlxXZxX3x...xXn‘ = ‘Xl‘x ‘Xz‘ X ‘Xg‘x....x ‘Xn‘
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Example: Consider the two sets, A = ,2,3} and B = {a,b}
‘A‘:s’ ‘B‘:Z _)‘AXB‘::%XZ:G_

AxB=1{La)(Lb)(2a)(2b)(3a)3b)

Example: A= 1{L2},B= {a,b} c={kmj.
{(1 a,k),(L,a,m)(Lb,k)(1b,m)(2a, k)}
AxBxC=1(2,a,m)(2b,k)(2b,m) :

Exercises :
1. List the elements of P(A) for the following :

A= {82}

2. Which of the following are partitions of the set

{2,3,7,910} 7

a) {{2,3},{3,7,9},{10}}.
b) {{2.10},{3,7},{9}} .

o) {{2,3,4},{7,9,10}} .
d) {{2},13},{7},{9}, {104},
e) 12,3,7,9,10}.

f) {{2,3,7,9,10}}.

o) {10,3},{7.2}}.

h) {2910}, 37} 4.
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3 LetA= {1234} B= {345}, x=1{ab},v={bcd}
List the elements of each of the following sets :
a) (AMNB)x(XMNY).
b) (A x X) (1 (B xY).
c) (A N X) xY.
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Chapter Thwee

" Relations”
3.1 Relations :

Let A and B be sets . A relation from A to B ( or between

A and B) is a subset of the Cartesian product AxB.

Remark : The elements of the relation is an ordered pairs .

(e )l oo b lee AN jualie f g1 ) *

* We shall use a R b to denote ™" ais related to b ™. And a K b to

denote (a,b) € R or " ais not related to b*"*

Example (1) :
A= {123} B=1{23]
AxB = {11),12)13)(21),(22)(23).(31),(32).(33)}.

1) Find the elements of R, iff a=0b
SR, = {21).(22),(33)}c AxB

2) Find the elements of R, iff a<b
R, = {12).(23).(23)}
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3) Find the elements of R;iff a>b

— R = {11).(22).(33).(31).(3.2), (21)}.

Example (2) :
Let A=B = {1,2,34,5,6} and
R = {(a,b): a divides b},

R =

{(1,1), (1.2).(1:3) (14).(15).(16).(2.2), (2,4),}
(26).(33).(36).(4.4).(55).(6.6)

3.2 Relationsy and Digraphs :

To represent relations using graphs, there are two basic

ways to do it,

1) Digraph (directed graph ) :  (4s3all hhial)
If two elementsa and b aresuchthat a R b and bR a,
we will usually connect their points in the digraph by a single

bi-directional arrow rather than two directed arrows .

O — 0O
O+—0

* Now , get back to Example(1) and let's represent it in

szl il

digraph :
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: Onigha s *
g3 Jah Ao gl yualic pia )
aiadly g5k 9 Jo¥) uainll (e iy g ABMAll el puaie ani ) Y
.
R, R, R;

o © o
F & S U®

Example : (3)

From the following digraph, list the elements of R,

= {(b,b),(d,d),(a,b),(b,a),(d,b),(c,d),(b,c),(c,a)}.

Example (4) :
Let A= {123} ,B= {L24}.
Find: Ry, Ry, Rs, R4 and Rs and represent them in digraphs :
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AxB = {11),1.2).(1:4),(21).(2.2).(2.4).(31).(3.2),(3.4);.

1. Find R, iff a=Db
LRy ={10),22)) < AxE

2. Find R, iff a<b
— R, ={11).(1.2),(14).(2.2) (24),(34)}.

3. FindR; iff a>b
— Ry ={(21)(31).(32)]

4. Find R, iff a=2b (A i = J V)
— R, = {12).(24)}.

5. Find Rs iff a=4b (AN il &) = JW)

—Rs= {(14)}.
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R4 R5

W @
© O O
(D (D

2. Binary Matrix : (ALY 43 giuaal))

Let A = {al,az,....,an} and B = {bl,bz,....,bn} be
finite sets and let R be a relation from A to B.
The binary matrix of R is a rectangular array of (zeros and ones)
with n rows and m columns. The rows correspond to the
elements of A and columns correspond to the elements of B. At

the intersection of i"" row and j™ column we place (1) if & RDb; or

0) if GR b;.

ie, (ab)eR=1
(a,b)eR=0

Example :
Back to example(4) construct the relations by using
binary matrix ( Boolean Matrix) ,

Sol :
A= {123} B= {124
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Rl RZ
bi1=1 b,=2 b3=4 1 2 4
a; =1 1 0 0 1f 1 1 1
a,=2 0 1 0 2 0 1 1
a3=3 0 0 0 3 0 0O 1
R R
1 2 4 1 2 4
1 0 0 0 1f O 1 O
2 1 0 0 21 0 0O 1
3 1 1 0 3| O 0O O
Rs
1 2 4
1 (0 0 1
2 |0 0O O
3 |0 0O O

3.3 Properties of Relations :

Let R be arelation on set A. We say that R is:

1. Reflexive: Sy

A relation is said to be reflexive if and only if aR a

for every a € A.
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Example : A= {123}

R; ={(11).(1.2),(13) (2.2),(23).(33);

R, is reflexive 4l ae dadi 5y paic K4

R, ={11),(23).(2.2) (3L
3€ Abut (3,3) R,

.. Ry is not reflexive.

2. Symmetric : 5 kil

A relation is said to be symmetric if and only ifaR b
impliesb R aforevery ab € A;

Example : A= f{ab,c}

R = {(a.a),(ab),(b,a),(c.c)}

R, issymmetric

Ll 3590 duse (98 O e Ry (B 1529 saie JS 0 i*

Example :
A= {124}
R, = {11).(24).(4.2).(1.2).(2.2).(4.4);
> (1,2) €ER but(2,1) € R
.. R is not symm.
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3. Transitive : Agaaia
A relation is said to be transitive if and only ifaR b

and b Rcimplies aRc forevery ab,c€ A.

Example: A= {1,2,3}

R, = {11).(1.2),(23) (1.3)}

R; is transitive

R, = {11),(1,2).(23).(3,2).(21).(2.2).(3.3)}
~(LDAR3) <R, but(L3) ¢ R,

.. R, is not transitive.

Exercises :

1. Represent the relation "less than (<)" on A = {1,2,3,4,5} by

using Boolean Matrix.

2. From the following digraph , list the elements of R,

02
S0 TGN

8)/
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3. Find the digraph representation and the relation of R

corresponding to the following Boolean Matrix,

/101?
H =10 1 0 1
K1ooJ1

4. Let A=1{ab,c,d,e} for each of the following relations
R on A, determine which of the three properties (reflexive,

symm., trans.) are satisfied by the relation . Justify your

adNSWErS .

a)R= {@a)(ab)(ac)b.a)b.b)bc)ca)eh)co)

b) R= {(@a)(b,b)(c.c)(d.d) (ee)(ab) (b))
o R={(aa)(a,d)(b,b)(c.c)(d,d)(de)(ea)ee).
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5. Let R = {(a,a),(a,b),(a,c) (b,b)(b,c)}. Be a relation on

the set{a,b,c,d}. What is the minimum number of
elements which need to be added to R in order that it
becomes :

(1) Reflexive; (2) symmetric.

(3) Transitive ?

3.4 Composition of Relations : -

Let R be the relation between the set A and the set B and
let S be a relation between B and C . We can then define a
new relation, the composition of R and S, written R0S. The

relation RoS is a relation from A to C, and is defined as follows:
SoR = {(X,z) € AxC,3y € B;(x,y) e RA(Y,2) €S},

Example (1):- Consider the relations R and S defined as

follows: -

R= {LD,(13),(21),(34)}.

s= {1,(31),(32).
Then,

SoR = {(1’1)’ (112)1 (2’1)} :
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Example (2):- LetR :{(X, Y)e NxN;x+y =12}.
s={(x,y) € Nx N;2x + y = 25},
Find SoR and RoS as an order pairs?

Solution :

(1.11),(2,10),(3,9), (4.,8), (5,7), (6,6), (7,5), (8,4), (9,3),
R= {(10,2),(11,1) -

(1,23),(2,22),(319), (4.17), (5.15), (6,13), (7.10),
S= {(8,4),(9,7)(10,5),(11,3),(12,1) }

(1,3),(2,5),(3.7),(4,9), (511),(6,13),(7,.15), (8.17),
SOR =1(919),(10,21), (11,23) -

RoS = {(7.1),(8,3),(9,5),(10,7),(119), 12,11}

3.5 Composition by logicall matrix
product :-

the matrix representation of the composition of two
relations is equal to the matrix productof the matrix
representations of these relation. Where addition corresponds

to logical OR and multiplication to logical AND.

Example :

Let A= {a,b,c} andletRandS be relations on A whose

matrices are:
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Chapter Four
Matrices

*Linear Equations : -
leta; ,a , ....,a,, b €ERand X; , X,, ..., X, are
variables (unknowns) then the from :
a1 X; +aXs+ ... +apXy=b,.
Called linear equation, a;,a,,..a, are coefficients and b is
the absolute value.
And the form :

a11 X3+ a;Xe + ... +anX, = by

Aoy X1+ 82Xy + ... +axX, = b, .
| L~ |

N |
| | ~o | |
| |

S I I
ani X]_ + a'n2X2 + .o .\+ aan]Xn - bn .

Called system of linear Equations

4.1 Matrices :

The matrix is a rectangular arrangement form consists of
orthogonal rows and columns. The coefficients of the linear

system are elements of the matrix,
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djg  dip  d13 ... Aajp

A= agl azz a|23 a1ln
| | ~

| N |

| | b ~
i1 dp2  Apz ... Apn

This matrix is called the coefficients matrix and it's usually
denoted by capital letters. And it can be represented by :

A:[aij] ,1<1<n , ISJSH

Examples: -
1. 2x1+3X, +8X3=6
X1+ Xo- 3X3 = 2.
It's a system consists of 2 equations and 3 unknowns.

Can be represented in a matrix as :

[238:6}
11 31 2

2 511
2. The matrix B=| 3 6 i 2 | ,representthe following
|
1210
System :
2X1 +5x,=1
3X; + 6Xy, =2
X1 +2%,=0
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Note : This matrix is of degree 3x2. In general : the matrix is of
degree mxn, where m = is the no. of equations and n=is

the no. of variables , in the linear system.

4.2 Types of Matrices :

1) When m = n, then the matrix called Square Matrix.

2)If a;=0, Vi,], then the matrix called Zero Matrix,
and it's denoted by O.

3) The square matrix is called the Identity Matrix , If :

0 elsewhere
and it's denoted by |I.

Example :
00O
1. O = , IS a zero matrix.
0 0O
2%3
1 0 O
2.1= 10 1 O , Is an identity matrix.
0O 0 1
3x3

4) A’ is the transpose of the matrix A, when the rows of A
are the columns of A", and so as for the columns of A.
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Example:-
1 2 O 1 5
A= —> A" =| 2 -1
5 -1 2 0 2

5) If A=A", then A is called Symmetric Matrix.
6) The square matrix is called lower triangle matrix if a; =0,

V' i< jand called upper triangle matrix if a;; =0, V i>].

Example:
1 0 0 16 3
A=10 5 0 B=| 05 1
1 3 2 0 0 2
3x%3 %3

7) The matrix is called Diagonal Matrix if
0 , if Vi#]j
aij =
not all zero , if i =]
4.3 Operations o Matrices : -
1. (Equality): The two matrices Amxn=B mxn If ai=hj,

Vi,
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2. Multiplied by scalar :
If k is scalar and Amxn = [aij] mxn , then KA =[kajj]mxn

Example:-

Note : The division by scalar is like multiplying by K

3. Addition of Matrices :

Let A =1[aj]mxn and B=[ bj ] mxn be two matrices ,
then

A+ B =[a]mxn * [bij] mxn=C =[ajj+ bj] mxn

Example:-
A=l 2 -1 3 B= 1 -1 0
0 2 -3 1 0 2
then, 2x3 23
3 -2 3
A+B=
1 2 -1
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4. Multiplication of Matrices:
If A of degree mxk then B must be of degree kxn to be

able of multiplying A by B.
The result matrix C is of degree mxn.

A x B =T[ajj] mxn % [Dij] mxn

K

> (a5 xby)
=[t=1 ] mxn = [Cij] mxn = C mxn
Example:-
3 0 1
A:i ]2‘ i B=|1 2 1
1 1 2
2%X3 3%3

— A3 X Baxs

Coxz= | 2%¥3+ 1*1+ 3*1  2*0+ 1*2+ 3*1 2*1= 1*1+ 3*2
1%3+ 2*1+ 1*1  1*0+ 2*2+ 1*1 1*1+ 2*1+ 1*2

=110 5 9
6 5 5

2x3
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Note :
1. If A and B are square matrices from nxn , then C is
from the same degree, i.e, Anxn X Boxn = Chxn
2. Anxn X Inxn = Tnxn X Anxn = Anxn

5. Power of matrices :
If Anxn is @ square matrix, then 42, = Anxn X Anxn , In general:

m _
ATan - Anxn X Anxn XX Anxn
_J

- Y,
m-times

Example:-

1 2 1 2
A2X2: [0 1 J — A%XZZ [0 1 J

2X2
H.W:
. 12 3 4

1) Find [ KAyxs], A= [5 1 0]
Where, k= %

1 0 2 1 0
2)IfA=14 3 1 , B=1(2 2

5 0 -1 4 5
Find A x B=7?
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2 1 3 3
IfFA=|-1 0 2| , B= | 1

1 2 1 1
Fine A-B=?

4) Given the square matrices ,

B 1 3 13
Where, A= [_4 2] and B—[l

_, N O
N R

g

Verify by direct computation that AB # BA.
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